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H I G H  F R E Q U E N C Y  P R O P E R T I E S  O F  P L A S M A  

PLASMA PHYSICS AND THE PROBLEMS O F  CONTROLLED THERMONUCLEAR REACTION 

ABSTRACT 

These articles p r e s e n t  the r e s u l t s  der ived from 
t h e o r e t i c a l  and experimental  i n v e s t i g a t i o n s  of high 
frequency plasma p r o p e r t i e s :  t h e  methods of high f r e ­
quency plasma hea t ing ,  propagation of e lectromagnet ic  
waves i n  a magnetoactive plasma, thermal r a d i a t i o n  of 
a plasma, and development of i n s t a b i l i t i e s  when employing 
high frequency methods of plasma heat ing.  A d e s c r i p t i o n  
is  provided of expertmental  equipment developed f o r  high 
frequency hea t ing  and containment of a plasma. 

This c o l l e c t i o n  i s  designed f o r  s c i e n t i f i c  r e sea rche r s  
and engineers  dea l ing  with t h e  problems of a plasma and 
i ts  t e c h n i c a l  a p p l i c a t i o n ,  as w e l l  as f o r  s t u d e n t s  and 
graduate  s t u d e n t s  i n  t h e  physics  departments of univers i ­
t ies  and physical- technical  i n s t i t u t e s .  

SECTION I 

H I G H  FREQUENCY PLASMA HEATING 

INVESTIGATION OF THE ENERGY OF CHARGED PARTICLES EMANATING 
FROM A MAGNETIC TRAP DURING HIGH FREQUENCY HEATING 

N .  I. Nazarov, A. I. Yermakov, V. T. Tolok 

The methods of resonance e x c i t a t i o n  of t h e  e igen  f l u c t u a t i o n s  of a ­/5* 
plasma cy l inde r  by o u t e r  e lectromagnet ic  f i e l d s  have been ex tens ive ly  em­
ployed i n  plasma hea t ing  wi th  high frequency f i e l d s .  S p a t i a l l y  p e r i o d i c  
e lectromagnet ic  f i e l d s  may be  employed t o  excite t h e  eigen f l u c t u a t i o n s  i n  
a plasma loca ted  i n  a constant  magnetic f i e l d  t o  f requencies  which are c l o s e  

* Note: Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  o r i g i n a l  fo re ign  
text. 



t o  t h e  gyrofrequency of i o n s  w x  wH i  (an i o n  cyc lo t ron  wave) o r  t o  f requencies  

yIi< W < <  %e ( r a p i d  magnetosound wave), where %e i s  t h e  e l e c t r o n  gyrofre­

quency and %i is  t h e  i o n  gyrofrequency. I n  t h e  f i r s t  case, the energy of 

e lectromagnet ic  f l u c t u a t i o n s  i s  t r ansmi t t ed  d i r e c t l y  t o  t h e  ions ,  and i n  t h e  
second case t h e  energy i s  t r ansmi t t ed  t o  t h e  plasma e l ec t rons .  

The ar t ic les  (Ref. 1, 2) have i n v e s t i g a t e d  t h e  cond i t ions  f o r  t h e  reso­
nance e x c i t a t i o n  of t h e s e  f l u c t u a t i o n s ,  t h e i r  propagation, and damping. It 
has been found t h a t  even a t  high e l e c t r o n  temperatures t h e  damping is  s i g n i ­
f i c a n t  and is  caused by a c o l l i s i o n l e s s  mechanism. It w a s  a l s o  found t h a t ,  /6 
when t h i s  e x c i t a t i o n  method i s  employed, high frequency power i s  t r ansmi t t ed  
t o  t h e  plasma very e f f e c t i v e l y .  

This study p resen t s  t h e  r e s u l t s  der ived from measuring t h e  energy of 
i ons  and e l e c t r o n s  passing along t h e  magnetic f i e l d ,  when ion  cyc lo t ron  and 
r ap id  magnetohydrodynamic waves are employed f o r  heat ing t h e  plasma. The 
experiment w a s  performed on a "Sneg" apparatus ,  which has  been descr ibed i n  
g r e a t  d e t a i l  p rev ious ly  (Ref. I). The e igen  f l u c t u a t i o n s  were exc i t ed  i n  t h e  
plasma by s p a t i a l l y  p e r i o d i c  e lectromagnet ic  f i e l d s  a t  a frequency of 10 M c  
w i th  t h e  appropr i a t e  s e l e c t i o n  of t h e  magnetic f i e l d  s t r e n g t h  Ho. I n  c o n t r a s t  
t o  preceding experiments, t h e  power of t h e  high frequency (hf) generator  w a s  
increased t o  300 kw. 

I n  order  t o  i n c r e a s e  the  power introduced i n t o  t h e  plasma, t h e  p u l s e  of 
t h e  hf gene ra to r  w a s  programmed s o  t h a t  t h e  s t rong  loading on t h e  
c i r c u i t  a t  the moment of i t s  resonance loading by t h e  plasma w a s  compensated 
by a corresponding vo l t age  inc rease  i n  t h e  p u l s e  from t h e  hf generator  (Figure 
1). Thus, t h e  n e c e s s i t y  of a s p e c i a l  e lec t r ica l  s t rengthening of t h e  hf cir­
c u i t  w a s  avoided, even when a power g r e a t e r  t han  100 kw w a s  introduced i n t o  
t h e  plasma. 

The energy of t h e  charged p a r t i c l e s  w a s  measured by a t r a n s i t  t i m e  e l e c t r o ­
s t a t i c  analyzer  (Ref. 3) and a mul t ig r id  probe (Ref. 4 ) .  The f i r s t  method 
made i t  p o s s i b l e  t o  s tudy t h e  energy spectrum and t h e  m a s s  composition of 
plasma i o n s ;  t h e  second method made i t  p o s s i b l e  t o  measure t h e  energy of 
i ons  and e l e c t r o n s .  The plasma e l e c t r o n  temperature w a s  determined by a 
s p e c t r a l  method. 

The input  s l i t  of t h e  analyzer ,  which w a s  l oca t ed  25 cm behind a mag­
n e t i c  mi r ro r ,  c u t  out  a narrow plasma f l u x ,  from which a n  i o n  bundle w a s  
separated a f t e r  passing a sepa ra t ion  device.  The energy of t h e  bundle 
w a s  analyzed by t h e  e lec t r ic  f i e l d  of t he  f l a t  condenser. Ion f l u x e s  w e r e  
recorded by an ion-electron converter ,  which changed t h e  ion  bundle i n t o  a 
bundle of e l e c t r o n s  acce le ra t ed  up t o  20 kev, a f t e r  d e f l e c t i o n  i n  t h e  
analyzing condenser. These e l e c t r o n s  w e r e  de t ec t ed  by a p l a s t i c  s c i n t i l l a -
t o r  with a p h o t o e l e c t r i c  m u l t i p l i e r .  

I n  order  t o  s tudy t h e  m a s s  composition of t h e  plasma ions ,  t h e  f l i g h t  
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Figure 1 

t i m e  w a s  measured by ions  having a d r i f t  s e c t i o n  56 cm long. When t h e  analy­
z e r  modulator w a s  suppl ied wi th  vo l t age  having a r ec t angu la r  form, i t  w a s  
p o s s i b l e  t o  o b t a i n  s h o r t  pu l se s  of t h e  i o n c u r r e n t  (T = I; 0.5; 0 . 2  microseconds). 
Due t o  a d i f f e r e n c e  i n  t h e  v e l o c i t i e s  of d i f f e r e n t  i o n s ,  t h e  ions  w e r e  separ­
a t ed  by m a s s  i n  t h e  d r i f t  space. The f l i g h t  t i m e  of i ons  i n  the  d r i f t  sec- /7
t i o n  w a s  used t o  determine t h e  ion v e l o c i t i e s  and m a s s e s ,  r e spec t ive ly .  By 
measuring t h e  amplitude of t h e  cu r ren t  s i g n a l s  a t  d i f f e r e n t  per iods of t i m e  
and by changing the  vo l t age  on t h e  analyzing condenser, i t  w a s  p o s s i b l e  t o  
record the energy s p e c t r a  of i ons  having d i f f e r e n t  masses and t o  observe 
t h e  change i n  ion  energy during hea t ing ,  by means of t h i s  analyzer .  

I n  order  t o  exclude t h e  scat ter  of i on  cu r ren t  pu l se s ,  t h e  r e s u l t  w a s  
averaged over t e n  measurements ( t h e  ion  energy w a s  determined with t h e  
analyzer  with an accuracy of 8%). 

Figure 2 p re sen t s  t he  oscil lograms of a t y p i c a l  s i g n a l  from t h e  photo­
m u l t i p l i e r ,  whose magnitude w a s  p ropor t iona l  t o  t h e  c u r r e n t  of i ons  having 
an energy of 1500 ev - a; b - r e p r e s e n t s  t h e  suppression s i g n a l  of micro­
waves having a wavelength of 8 mm. 

Figure 3 shows the  energy s p e c t r a  of plasma protons ( t h e  coordinates:  
t h e  d i s t r i b u t i o n  func t ions  Q -- i o n  energy Ei) when t h e  plasma i s  heated by 
means of i on  cyc lo t ron  waves f o r  two vo l t ages  on t h e  hf c i r c u i t  (curve 1 
Uc = 28 kv; curve 2 -- Uc = 32 kv).  The plasma d e n s i t y  t o  be  measured during 
hea t ing  w a s  no less than 2-1013~ m - ~ .As may be seen from t h e  f i g u r e ,  t h e  
energy a t  t h e  spectrum maximum amounts t o  2 kev. With an inc rease  i n  t h e  
vo l t age  U, on t h e  e x c i t i n g  c o i l  of t h e  hf c i r c u i t ,  t h e  mean ion  energy i n  
t h e  s p e c t r a  inc reases  p ropor t iona l ly  t o  t h e  square of t h e  vo l t age  U$. How­
ever, during t h e  hea t ing  p u l s e  i t  remains almost cons t an t ,  which p o i n t s  t o  /8
l a r g e  l o s s e s  which are apparent ly  caused by overcharging. 

For purposes of comparison, t h e  proton energy spectrum i s  presented which 
w a s  recorded when t h e  plasma w a s  heated by a r a p i d  magnetosound wave wi th  a 
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Figure 2 

vo l t age  of 32 kv on t h e  hf c i r c u i t  (Figure 4 ) .  The ion  energy a t  t h e  spec­
trum m a x i m u m  i s  150 ev i n  a l l  i n  t h i s  case. 

A s  may be seen from t h e  ion  mass-spectrograms (Figure 5) when the  plasma 
i s  heated by an ion  cyclotron wave, t h e r e  are only hydrogen ions q,�$, 

i n  t h e  plasma. The presence of t h e s e  ions  i s  apparent ly  due t o  t h e  f a c t  t h a t  
t h e  plasma e l e c t r o n  temperature i s  low (20-25 ev) .  It is  p a r t i c u l a r l y  i n t e r ­
e s t i n g  t o  no te  t h a t  a l l  t h r e e  types of hydrogen ions  have approximately t h e  /9 
same energy, although t h e  resonance a c c e l e r a t i o n  occurs only f o r  q. 

For purposes of c o n t r o l ,  t h e  i o n  energy w a s  measured by another method 
-- mul t ig r id  probe with r e t a r d i n g  p o t e n t i a l  (Ref. 4 ) .  This made i t  p o s s i b l e  
t o  record the  energy spectrum of e l ec t rons .  The m u l t i g r i d  probe w a s  placed 
a t  a d i s t a n c e  of 10 cm from t h e  magnetic mi r ro r .  The plasma dens i ty  w a s  
g r e a t l y  reduced by means of a diaphragm having several 0.1" openings. It 
w a s  poss ib l e  t o  s e p a r a t e  an e l e c t r o n  bundle o r  an i o n  bundle, depending on 
t h e  s i g n  of t h e  p u l l i n g  vo l t age  on t h e  f i r s t  g r i d ;  t h e  bundles were analyzed 
by t h e  r e t a rd ing  p o t e n t i a l  which w a s  suppl ied t o  t h e  second g r i d .  I n  o rde r  
t o  decrease t h e  p o s s i b i l i t y  of i o n i z a t i o n ,  a d i f f e r e n t i a l  pumping w a s  employed 
t o  maintain a vacuum of 6 . 7 ~ 1 0 - ~n/m2 w i t h i n  t h e  probe w a l l s .  

Figure 3 
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Figure 4 

Figure 5 

The r e s u l t s  der ived from measuring t h e  ion  energy spectrum by means of 
t h e  mult i -gr id  probe confirmed t h e  r e s u l t s  obtained with analyzer  measure­
ments. The proton energy spectrum maximum w a s  i n  t h e  region of 2 kev when 
t h e  plasma w a s  heated with ion cyclotron waves. The e l e c t r o n  energy remained 
low, and amounted t o  30 ev i n  a l l .  This r e s u l t  a l s o  coincides  c l o s e l y  with 
t h e  r e s u l t s  der ived from measuring the  e l e c t r o n  energy by t h e  s p e c t r a l  
methods. 

A s  would be expected, t h e  measurements of t h e  energy spectrum of ions  
and e l e c t r o n s  by t h e  m u l t i g r i d  probe, when t h e  plasma w a s  heated with a 
r ap id  magnetosound wave, showed t h a t  t h e  e l e c t r o n  and ion ene rg ie s  w e r e  
approximately t h e  same (150 ev).  The ion  ene rg ie s  obtained by measurements 
with t h e  probe and t h e  analyzer  a l s o  coincided f a i r l y  w e l l .  
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MEASUREMENT OF THE PERPENDICULAR ENERGY COMPONENT AND THE 
PLASMA DECAY TIME DURING HIGH FREQUENCY HEATING 

N. I. Nazarov, A. I. Yermakov, V. T. Tolok 

The correct determination of the charged particle temperature is of 
paramount importance when studying the effectiveness of plasma heating. 
One convenient method of determining the plasma temperature consists of 
measuring its thermal diamagnetism by an external diamagnetic probe which 
includes a column of the plasma to be heated. The method is based on 
measuring the difference between the strengths of the magnetic field out­
side and within the plasma AH, which is a function of the gasokinetic 

pressure. For a plasma with small B (B = q), this difference is deter­
mined by the expression 

where p is the gasokinetic pressure. With a plasma having quasineutrality, 
we have 

where n is the plasma density; k is the Boltzmann constant. Tu and TLe 

are the perpendicular ion and electron temperatures, respectively. Thus, 
by measuring AH and knowing the plasma density, we may compute its tempera­
ture. 

The temperature was measured by this method on a "Sneg" apparatus 
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Figure 1 

(Ref. 1). S i m i l a r  measurements w e r e  performed i n  (Ref. 2 ) .  The plasma 
w a s  e i t h e r  produced by a powerful i on  cyclotron wave (Ref. l ) ,  o r  by a 
r ap id  magnetosound wave (Ref. 3 ) .  Hydrogen i n  t h e  0.13-0.4 n/m2 p res su re  
range w a s  used as t h e  process  gas .  The waves w e r e  exc i t ed  a t  a frequency 
of fo  = l o 7  cps,  and the  pu l se  high frequency power, t r ansmi t t ed  t o  t h e  
plasma, w a s  100 kw. In  order  t o  avoid t r a n s i t i o n a l  processes r e l a t e d  t o  
t h e  sharp change i n  plasma d e n s i t y  during t h e  i n i t i a l  per iod,  a coupled, 
high frequency pu l se ,  whose envelope is  shown i n  Figure 1, w a s  suppl ied t o  
t h e  e x c i t i n g  c o i l .  The f i r s t  p u l s e  produced a plasma, and t h e  second pu l se  
w a s  employed t o  h e a t  i t .  The d u r a t i o n  of t h e  pu l ses ,  t h e  amplitude,  and 
t h e  i n t e r v a l  between them could be changed independently over very wide 
i n t e r v a l s .  

The per iod during which t h e  s t r e n g t h  of t h e  pu l se  magnetic f i e l d  HO /11 
changed w a s  24  microseconds. The s t r e n g t h  of t he  f i e l d  w a s  s e l e c t e d  so  
t h a t  e i t h e r  t h e  ion  cyclotron wave, o r  t he  r ap id  magnetosound wave, w a s  
exc i t ed  r e sonan t ly  a t  the  t i m e  the second high frequency pu l se  came i n t o  
operat ion.  The plasma dens i ty  w a s  measured by a microwave in t e r f e romete r  
a t  t h e  wavelengths 8.2 and 4 mm. 

The q u a n t i t y  AH, which w a s  caused by t h e  plasma diamagnetism, w a s  de­
termined by measurements of t h e  electromotive f o r c e  (emf) by a diamagnetic 
probe. The probe cons i s t ed  of two c o i l s ,  one of which included t h e  plasma 
column. The o the r  c o i l  w a s  employed t o  compensate f o r  t h e  emf caused by a 
change i n  t h e  s t r e n g t h  of t h e  confining magnetic f i e l d  H o .  I n  o rde r  t o  
e l imina te  the emf produced by t h e  propagated ion  cyc lo t ron  wave, a f ive -un i t  
low-frequency f i l t e r  w a s  employed, which i n t e r s e c t e d  a l l  f requencies  above 
3 M c .  The probe w a s  l oca t ed  i n  t h e  region of t h e  "magnetic beach", a t  a 
d i s t a n c e  of 30 cm from t h e  edge of t h e  e x c i t i n g  c o i l .  I n  o rde r  t o  decrease 
t h e  e f f e c t  of a t t e n u a t i o n  of t h e  diamagnetic s i g n a l ,  due t o  r e f l e c t i o n  of 
t h e  charged p a r t i c l e s  from t h e  w a l l s ,  t h e  diameter of t h e  discharge chamber 
w a s  increased up t o  8 cm i n  t h e  region of t h e  diamagnetic probe, w h i l e  t h e  
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Figure 2 

diameter of t he  plasma with n > lo1* cm-3 equal led 3.5 cm. 

Figure 2 shows a n  oscil logram of t h e  diamagnetic s i g n a l  -- a ,  obtained 
when t h e  plasma w a s  heated with an ion  cyc lo t ron  wave; b -- r ep resen t s  t h e  
interferogram of an 8-mm s i g n a l .  The gasok ine t i c  plasma p res su re  increased 
very r a p i d l y  ( in-10  microseconds), and then b a r e l y  changed u n t i l  t h e  end 
of t he  high frequency pulse .  Since t h e  plasma d e n s i t y  changed very l i t t l e  /12 

(1.2 - 1.5) x 1 0 l 3  cm-3 -- during t h e  high frequency pu l se ,  and s i n c e  
it decreased slowly a f t e r  i t  had ended (T- 270 microseconds), i t  can be 
assumed t h a t  t h e  diamagnetic s i g n a l  w a s  p ropor t iona l  t o  t h e  rate a t  which 

dt h e  perpendicular  energy component of t h e  plasma - (TIjt + Tk) changed.d t  
Figure 3,  a shows a n  osci l logram of a diamagnetic s i g n a l .  I n  o rde r  t o  de t e r ­
mine t h e  plasma temperature,  AH w a s  ca l cu la t ed  a f t e r  i n t e g r a t i o n  of t h e  dia­
magnetic s i g n a l .  The i n t e g r a t e d  diamagnetic s i g n a l  i s  shown i n  Figure 3,  b. 
The t o t a l  value of T ,  thus  obtained f o r  resonance e x c i t a t i o n  of an ion  cyclo­
t r o n  wave, amounted t o  1 kev. The e l e c t r o n  temperature,  determined by t h e  
s p e c t r a l  method, w a s  i n  t h i s  case 20-30 ev. Thus, t h e  ion  temperature w a s  
measured i n d i r e c t l y .  The plasma temperature w a s  determined by t h i s  same 
method when i t  w a s  heated by a rap id  magnetosound wave. I n  t h i s  case 
T = 200-300 ev. The va lues  of T ,  obtained according t o  t h e  diamagnetic 
s i g n a l ,  c l o s e l y  coincide with t h e  measured energy of charged p a r t i c l e s  em­
i n a t i n g  from t h e  system along t h e  magnetic f i e l d  (Ref. 4 ) .  The s m a l l  d i - /13 
vergence between TI and T , ,  i s  caused by t h e  f a c t  t h a t  measurements of t h e  

plasma temperature according t o  the  diamagnetic s i g n a l  g ive  an average (over 
t h e  plasma column c r o s s  sec t ion )  temperature. 

Ho 
Figure 4 shows t h e  dependence of t h e  i o n  temperature T i  on - (Ho 

Hci 
t h e  s t r e n g t h  of t h e  ou te r  magnetic f i e l d ,  Hci -- t h e  s t r e n g t h  of t h e  magnetic 

f i e l d  a t  which t h e  gyrofrequency of a proton equals  10 M c ) .  It can be seen 
t h a t  m a x i m u m  hea t ing  occurs with resonance e x c i t a t i o n  of an ion cyc lo t ron  
wave. 

8 

I 




Figure 3 

The ion  temperature b a r e l y  changes during hea t ing  ( see  Figure 3 ) .  
There is  a very r ap id  temperature decrease a f t e r  t h e  high frequency p u l s e  
is recorded. This change i n  t h e  i o n  temperature p o i n t s  t o  t h e  presence 
of g r e a t  l o s s e s .  Since t h e  i o n  temperature i s  considerably g r e a t e r  than 
the  e l e c t r o n  temperature when t h i s  method of plasma hea t ing  i s  employed, 
i t  may be  assumed t h a t  one of t he  mechanisms f o r  r ap id  ion  cool ing is t h e i r  
energy l o s s  when c o l l i d i n g  with e l e c t r o n s .  However, f o r  a plasma with 
ne - 2*1013 and Te- 25 ev,  t h e  t i m e  r equ i r ed  t o  cool  ho t  i o n s  must be  100 
microseconds. I n  a c t u a l i t y ,  t h e  cool ing t i m e  equal led 10 microseconds. 
Therefore,  t h e r e  i s  no b a s i s  f o r  assuming t h a t  t h i s  is t h e  main l o s s  
mechanism. 

Another mechanism f o r  r a p i d  i o n  cool ing may be t h e i r  overcharging, 
s i n c e  under t h e  experimental  cond i t ions  t h e  highly-ionized plasma column 
w a s  surrounded with a weakly-ionized cold plasma which w a s  i n  con tac t  with 
t h e  d i s c h a r  e chamber w a l l s .  For a plasma with an e l e c t r o n  d e n s i t y  on t h e  

andorde r  of loF3 ~ m - ~  a n e u t r a l  gas  p re s su re  a t  t h e  chamber w a l l s  of 
approximately 1 . 3 3 0 1 0 - ~n/m2 , t h e  p r o b a b i l i t y  of overcharging exceeds t h e  
i o n i z a t i o n  p r o b a b i l i t y .  Consequently, t h e  l o s s e s  t o  overcharging may be  
considerable ,  and they cont inue t o  increase wi th  an i n c r e a s e  i n  t h e  i o n  
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Figure 5 

energy. Figure 5 shows the  dependence of t h e  i o n  cool ing t i m e  on t h e i r  
energy. The s o l i d  l ine  corresponds t o  t h e  t i m e  required f o r  overcharging 
t h e  ions  f o r  a d e n s i t y  of t h e  surrounding gas  of no = 6 0 1 0 , ~ ~cmm3. This 
dens i ty  w a s  s e l e c t e d  so  t h a t  a comparison could be  made between t h e  value 
obtained t h e o r e t i c a l l y  and the experimentally measured va lue  T T ~f o r  

T i  = 200 ev. The n a t u r e  of t h e  dependence of TTi on Ti shows t h a t  under 

experimental  condi t ions t h e  energy l o s s e s  are p r imar i ly  caused by ion  
overcharging. 

Thus, t h e s e  experiments enable us t o  draw t h e  conclusion t h a t  a 
plasma may be heated t o  a temperature exceeding 1 kev by means of resonance 
e x c i t a t i o n  of an i o n  cyclotron wave. The l i m i t i n g  va lue  T i  i s  determined 
by t h e  apparatus  parameters. I n  a d d i t i o n ,  t he  r e s u l t s  obtained provide a 
b a s i s  f o r  assuming t h a t  -- when a ho t  plasma i s  i n s u l a t e d  from t h e  chamber 
w a l l s  by "vacuum i n t e r s t r a t i f i c a t i o n "  -- t h e  t i m e  t h e  plasma may be  contained 
may be  increased considerably,  under the  cond i t ion  t h a t  t h e r e  are no o t h e r  
l o s s  mechanisms. 
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HIGH FREQUENCY ENERGY ABSORPTION BY A PLASMA I N  I O N  CYCLOTRON I15 
RESONANCE I N  STRONG, HIGH FREQUENCY FIELDS 

V. 	 V. Chechkin, M. P. Vasil 'yev,L. I. Grigor 'yeva, 
B.  I. Smerdov 

This a r t i c l e  r e p r e s e n t s  a cont inuat ion of s t u d i e s  w e  performed pre­
v ious ly  (Ref. 1, 2) on high frequency energy absorpt ion by a plasma i n  
ion  cyclotron resonance. 

A s  i s  w e l l  known (Ref. 3-5), t h e  heat ing of a plasma by a v a r i a b l e  
f i e l d  a t  a frequency which i s  c l o s e  t o  t h e  ion  cyclotron frequency is  very 
e f f e c t i v e ,  i f  t h e r e  are mechanisms leading t o  energy the rma l i za t ion  of t h e  
o r d e r l y  motion of plasma p a r t i c l e s  i n  the  f i e l d  of an ion  cyc lo t ron  wave. 
High frequency energy absorpt ion by t h e  plasma may occur,  i n  p a r t i c u l a r ,  
due t o  "close" c o l l i s i o n s  of i ons  which are i n  resonance with o t h e r  types 
of i ons ,  e l e c t r o n s ,  and n e u t r a l  atoms i n  a cold plasma. This absorpt ion 
may a l s o  be due t o  l ' c o l l i s i o n l e s s t '  cyclotron damping which i s  caused by t h e  
thermal motion of i ons  i n  a high temperature plasma. I n  both cases, i t  is 
assumed t h a t  t h e  amplitude of t h e  high frequency f i e l d  i s  f a i r l y  s m a l l ,  s o  
t h a t  i ons  r ece iv ing  energy i n  t h e  wave f i e l d  can t r ansmi t  i t  t o  o t h e r  p a r t i ­
cles.  I f  t h i s  cond i t ion  is not  f u l f i l l e d ,  nonl inear  processes must a r i se  
i n  t h e  plasma, due t o  which the  ion d i s t r i b u t i o n  func t ion  i s  e s s e n t i a l l y  
d i s t o r t e d .  D i s t o r t i o n  of t h e  ion d i s t r i b u t i o n  func t ion  by t h e  ion  cyc lo t ron  
wave with a f i n i t e  amplitude l e a d s  t o  a decrease i n  t h e  wave absorpt ion co­
e f f i c i e n t  down t o  a s m a l l  value which equals ,  i n  order  of magnitude, t he  
absorpt ion c o e f f i c i e n t  f o r  p a i r  c o l l i s i o n s  a t  a given temperature. 

The expression obtained i n  the  case of a high-temperature plasma 
(Ref. 5) f o r  a c r i t i c a l  f i e l d  s t r e n g t h  of an ion cyc lo t ron  wave -- which 
l e a d s  t o  a s i g n i f i c a n t  d i s t o r t i o n  of t h e  ion  d i s t r i b u t i o n  func t ion  when 
it  is  exceeded can be  w r i t t e n  as fol lows 

21Twhere w is t h e  wave frequency; k II = -; X -- axial  wave length;  H -- con-
X 

s t a n t  magnetic f i e l d ;  T -- r e l a x a t i o n  t i m e  of i o n s  due t o  ion-ion c o l l i - /16 
s i o n s ;  Ni ion dens i ty ;  Ti -- i o n  temperature. 
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In t h e  case of a cold plasma, t h e  c r i t i c a l  s t r e n g t h  of t h e  wave 
electr ic  f i e l d  (at t h e  absorpt ion maximum) is as follows 

When t h i s  value i s  reached, t h e  v e l o c i t y  of t h e  ordered motion of a n  ion 
l i q u i d ,  with r e s p e c t  t o  e l e c t r o n s ,  equals  t h e  thermal i o n  ve loc i ty .  M 
i on  m a s s ;  e -- i o n  charge; yeff -- e f f e c t i v e  frequency of i o n  c o l l i s i o n s .  

I f  t he  v e l o c i t y  of t h e  r e l a t i v e  motion of i ons  and e l e c t r o n s  i n  t h e  
f i e l d  of an i o n  cyc lo t ron  wave  is  g r e a t e r  than t h e  ion  thermal v e l o c i t y ,  
"bunched" i n s t a b i l i t y  may arise i n  t h e  plasma, which i s  r e l a t e d  t o  t h e  excita­

e Ht i o n  of high frequency (as  compared with w i =  - ) l o n g i t u d i n a l  f l u c t u a t i o n s ,M c  
whose increasing increment is  considarably greater than the cyclotron ion  frequency, 
and t h e  wavelength i s  considerably less than t h e  i o n  cyclotron wavelength. 
The e x c i t a t i o n  of t h e s e  f l u c t u a t i o n s  by an i o n  bundle moving i n  a d i r e c t i o n  
which is perpendicular  t o  a constant  magnetic f i e l d  has been inves t iga t ed  i n  
(Ref. 6 - 8 ) .  

Similar  small-scale e l e c t r o s t a t i c  plasma f l u c t u a t i o n s ,  which t ake  p l a c e  
i n  a wide frequency and wave number range, must l ead  t o  an increased exchange 
of energy between plasma ions  and e l e c t r o n s  (as compared with t h e  exchange 
caused only by Coulomb c o l l i s i o n s ) , a n d  must a l s o  l ead  t o  a s i g n i f i c a n t  in­
crease i n  a l l  t h e  t r a n s f e r  c o e f f i c i e n t s  a c r o s s  a constant  magnetic f i e l d .  

L e t  us examine c e r t a i n  r e s u l t s  of experimental  s t u d i e s  i n  t h i s  l i g h t  
(Ref. 9 ,  10) .  I n  t h e s e  s t u d i e s ,  t h e  f i e l d  s t r e n g t h  of an ion  cyclotron 
wave exceeds b y a t  least one o rde r  of magnitude t h e  c r i t i c a l  f i e l d  s t r e n g t h  
( l ) ,  and t h e  t i m e  of ion-ion r e l a x a t i o n  is  e i t h e r  a comparable with t h e  
plasma decay t i m e  (Ref. 9 )  o r  considerably exceeds i t  (Ref. 10) .  For t h i s  
reason, t h e  s t rong  high frequency energy abso rp t ion  by the plasma and the  
ion  hea t ing ,  observed i n  t h e s e  s t u d i e s ,  cannot -- i n  our opinion -- be  
caused by cyc lo t ron  damping. I n  add i t ion ,  t h e  s tudy (Ref. ll), which w a s  
c a r r i e d  out on t h e  same apparatus as w a s  employed i n  (Ref. l o ) ,  observed a 
r a p i d  plasma d e c a y ' i f  t h e  high frequency power introduced i n t o  t h e  plasma 
exceeded a c e r t a i n  c r i t i ca l  value.  This r a p i d  decay w a s  apparent ly  caused /17 
by %bunched" i n s t a b i l i t y .  

The phenomenon of anomalous plasma d i f f u s i o n  ac ross  a magnetic f i e l d ,  
produced f o r  a c r i t i ca l  value of a high frequency f i e l d  s t r e n g t h  with a 
frequency c l o s e  t o  i o n  cyc lo t ron  frequency, w a s  discovered and s tud ied  i n  
d e t a i l  i n  (Ref. 2 ) .  I n  p a r t i c u l a r ,  t h i s  s tudy found t h a t  increased d i f fu ­
s i o n  occurs i f  t h e  v e l o c i t y ,  acquired by ions  i n  an azimuthal high frequency 
f i e l d  during t h e  pe r iod  between c o l l i s i o n s ,  i s  comparable t o  t h e  thermal i o n  
v e l o c i t y  o r  exceeds i t  -- i .e. ,  i f  r e l a t i o n s h i p  (2) i s  f u l f i l l e d .  

The study (Ref. 12) performed an experimental  determination of t h e  
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i nc rease  i n  t h e  e f f e c t i v e  frequency of i o n  c o l l i s i o n s  i n  a low-density 
plasma under cond i t ions  of i o n  cyc lo t ron  resonance i n  s t rong ,  electric,  
v a r i a b l e  f i e l d s .  It w a s  found t h a t  t h e  dependence obtained experimentally 
f o r  t h e  frequency of i o n  c o l l i s i o n s  on t h e  high frequency f i e l d  s t r e n g t h  
cannot be explained on the  b a s i s  of a theory p o s t u l a t i n g  i o n  c o l l i s i o n s  
with n e u t r a l s .  The assumption w a s  advanced t h a t  such a dependence is  
caused by'bunched'' i n s t a b i l i t y  which arises i n  s t rong v a r i a b l e  f i e l d s .  

W e  can c l a r i f y  the n a t u r e  of t h i s  abso rp t ion  by comparing the d a t a  
obtained experimentally,  regarding high frequency energy absorpt ion by 
a cold plasma c l o s e  t o  ion  cyc lo t ron  resonance, with t h e  theory advanced 
i n  (Ref. 5 ) .  L e t  us e s t a b l i s h  a r e l a t i o n s h i p  between t h e  e f f e c t i v e  f r e ­
quency of i o n  c o l l i s i o n s  and anomalous plasma d i f f u s i o n  i n  i o n  cyc lo t ron  
resonance, which w a s  s tud ied  i n  (Ref. 2 ) .  F i n a l l y ,  by making c e r t a i n  
numerical e s t ima tes ,  w e  can show t h a t  both high frequency energy absorp­
t i o n  by t h e  plasma, and anomalous plasma d i f f u s i o n  i n  f i e l d s  with super-
c r i t i ca l  s t r e n g t h  va lues ,  may be  caused by "bunched' i n s t a b i l i t y  produced 
i n  t h e  f i e l d  of an ion  cyc lo t ron  wave ( t h i s  i n s t a b i l i t y  w a s  i nves t iga t ed  
t h e o r e t i c a l l y  i n  [Ref. 81 ) .  

Desc r ip t ion  of t h e  Apparatus. 
Measurement: Methods 

The apparatus  which w a s  employed f o r  t h e  s tudy w a s  descr ibed i n  de­
t a i l  i n  ( R e f . 1 ) .  The plasma w a s  produced by pu l se  discharge wi th  o s c i l ­
l a t i n g  e l e c t r o n s  i n  hydrogen, i n  a 7 0 1 0 - ~ - 7 n/m2 p res su re  range. The 
diameter of t h e  g l a s s  discharge tube w a s  6 c m ,  and t h e  d i s t a n c e  between /18
t h e  cathodes w a s  80 cm. The s t r e n g t h  of t h e  l o n g i t u d i n a l ,  quasi-constant
magnetic f i e l d  could be  changed between 4=1O4-6.4-1O5 a / m .  

High frequency energy w a s  introduced i n t o  t h e  plasma by means of 
an a r t i f i c i a l  LC-line which w a s  connected t o  t h e  se l f - exc i t ed  o s c i l l a t o r  with 
a frequency of 7 . 4 5 0 1 0 ~cps. During e x c i t a t i o n  a t  t h i s  frequency, 2.5 wave­
length o s c i l l a t i o n  w a s  appl ied t o  t h e  s e c t i o n  of t h e  l i n e  which w a s  s l i pped  on 
t o  t h e  discharge tube.  This corresponded t o  an a x i a l  high frequency f i e l d  
per iod of 23 cm. By changing t h e  anode s t r e n g t h  of t h e  o s c i l l a t o r ,  and a l s o  
t h e  connection between t h e  l i n e  and t h e  o s c i l l a t o r , - i t  w a s  p o s s i b l e  t o  change 
t h e  amplitude of t h e  high frequency azimuthal l i n e  c u r r e n t  w i t h i n  0.5 - 35 
a/ cm. 

The o s c i l l a t o r  w a s  switched on f o r  approximately 100 microseconds 
a f t e r  t h e  p u l s e  of t h e  discharge c u r r e n t  had terminated. A s  i s  shown i n  
(Ref. l), t h e  maximum high frequency power which could be  absorbed by a 
plasma i n  resonance w a s  18 kw f o r  a plasma d e n s i t y  of 1.7*1013 ~ m ' ~ ,and 
an azimuthal l i n e  c u r r e n t  of 30 a / c m .  

This ar t ic le  p r e s e n t s  t h e  measurements of plasma dens i ty ,  e l e c t r o n  
temperature, and t h e  high frequency power absorbed by t h e  plasma. The 
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Figure 1 


electron plasma density and its change with time in the (1.7 - 0.25) 10l3 
cm-3 range was measured by means of an interferometer at a wavelength of 
8.1 mm = 0.81 cm. The experimental point corresponding to a density of 
3010~cm-3 was obtained by extrapolation of the plasma density dependence 
on time toward large densities (Figure 1). 

The plasma electron temperature was determined according to the de­
pendence of the luminosity intensity of the line HB on the high fre­
quency LC-line current [see (Ref. 2)]. The luminosity intensity of the 
line �IBwas measured by means of a UM-2 monochromator and a photoelectron 


multiplier. Due to anomalous diffusion, the plasma decay time, for line 
currents on the order of 5 a/cm and above, was comparable with the electron 
lifetime between two collisions leading to excitation of a neutral atom. /19
For this reason, for line currents which were greater than, or approxi­
mately equal to, 5 a/cm, the electron temperature which was computed 
according to the line intensity HB could be too low, 

The high frequency power absorbed by the plasma was measured with an 
all purpose meter of transmitted power which was described in (Ref. 13). 
The recorders for the current and the strength were connected to the line 
at the point where it was attached to the solenoid. By means of two inter­
changeable current recorders with different sensitivity,it was possible to 
measure the power absorbed by the plasma, corresponding to a line current of 
0.5 - 10 a/cm. 

All of the measurements described in this article were performed 'at 

a hydrogen pressure of 0.133 n/m2. 
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Nature of High Frequency Enerpy Absorption 

Under t h e  condi t ions  of our experiment, t h e  high frequency power 
absorbed per  u n i t  of plasma cy l inde r  length  i s  (Ref. 5) 

where j o  i s  t h e  amplitude of t h e  azimuthal high frequency cu r ren t  i n  t h e  
c o i l  per  u n i t  of cy l inde r  length ;  R -- c o i l  r ad ius ;  a -- plasma r ad ius  
(it is  assumed t o  equal  t h e  inner  r ad ius  of t h e  discharge tube i n  a l l  of 

2.rrt h e  computations); K1 -- McDonald func t ion;  kl l  = -- a x i a l  wave number 

( i t  is  determined as t h e  axial per iod X of high frequency cur ren t  i n  t h e  

c o i l ) ;  w -- o s c i l l a t o r  frequency; nII = z;f(X) -- t h e  func t ion  whose 

s p e c i f i c  form depends on t h e  na tu re  of t h e  high frequency energy absorp­
t i o n .  I n  p a r t i c u l a r ,  f o r  c o l l i s i o n  absorp t ion  w e  have 

where 

S t r i c t l y  speaking, r e l a t i o n s h i p  ( 3 )  i s  only v a l i d  i n  t h e  case of /20 
long-wave f l u c t u a t i o n s  (or  a s m a l l  p lasma f i lament  radius),when kII a < < l  

and k l  a < <  '1 ( k l - - r a d i a l  wave number). Under our condi t ions ,  both of 

t hese  q u a n t i t i e s  are on t h e  order  of un i ty .  However, a s  t h e  computation 
showed, t he  e r r o r  produced when equation (3)  i s  appl ied t o  our case i s  
s m a l l .  

Under t h e  condi t ions  of t h e  descr ibed experiment, high frequency 
energy absorp t ion  by a plasma c l o s e  t o  w = w i  i s  " c o l l i s i o n  absorption" 
i n  t h e  sense t h a t  i t  is descr ibed by (3), where f(X) has t h e  form of ( 4 ) .  
Formulas (3) and ( 4 )  may be used t o  determine t h e  f a c t  t h a t ,  i n  t h e  case 
of a hydrogen plasma, t h e  absorbed power is  a t  a maximum i n  t h e  case of 

E' -2 , ~ .I - �  1 0 - 1 7 ~ 2 ~ ' - ( 5 )  

HO 
where 5 = -; HO is t h e  magnetic f i e l d  corresponding t o  cyc lo t ron  

Hm 
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Figure 2 

resonance of i ons  a t  t h e  o s c i l l a t o r  frequency; H, -- t h e  magnetic f i e l d  
forwhich t h e  high frequency power absorbed by t h e  plasma is  a t  a max imum.  

The dependence descr ibed by ( 5 )  i s  shown i n  Figure 1 ( s t r a i g h t  l i n e ) .  
This f i g u r e  a l s o  p re sen t s  t h e  p o i n t s  computed on t h e  b a s i s  of experimental  
d a t a  regarding t h e  s h i f t  i n  t h e  absorpt ion m a x i m u m  from HO f o r  d i f f e r e n t  
plasma d e n s i t i e s  measured by an in t e r f e romete r  f o r  a l i n e  cu r ren t  of 
4.5 a / c m .  Over t h e  entire range of measured plasma d e n s i t i e s ,  t h e  devia­
t i o n  of t h e  p o i n t s  obtained experimentally f.rom t h e  computed dependence 
does no t  exceed t h e  l i m i t s  of measurement e r r o r s .  

I n  o rde r  t o  determine what c o l l i s i o n s  cause t h e  observed high f r e ­
quency energy absorpt ion,  a s tudy w a s  made o f  t h e  dependence of t h e  
e f f e c t i v e  frequency of i o n  c o l l i s i o n s  on t h e  n e u t r a l  gas p re s su re  and on 
t h e  plasma e l e c t r o n  densi ty .  It can be seen from (3) and ( 4 )  t h a t  t h e  
e f f e c t i v e  frequency of i o n  c o l l i s i o n s  yeff can be  expressed e i t h e r  as 
l e- .  - AH -- where AH is  t h e  halfwidth of t h e  resonance absorpt ion curve2 Mc 

A X W i  
-- o r  as -j g ,  where A i s  t h e  f a c t o r  i n  f r o n t  of j gf (X) i n  (3) ; Sm --

Sm 
t h e  power a t  t h e  absorpt ion maximum.  

It w a s  shown i n  (Ref. 1) t h a t  t he  power a t  t h e  absorpt ion m a x i m u m  
and t h e  width of t h e  resonance absorpt ion curve depend s l i g h t l y  on t h e  /21 
n e u t r a l  gas p re s su re  i n  t h e  0.133 - 1.33 n/m2 range, due t o  which f a c t  
the observed power absorpt ion cannot be caused by i o n  c o l l i s i o n s  with 
n e u t r a l s .  

Figure 2 p re sen t s  t h e  dependence obtained experimentally of t h e  
e f f e c t i v e  frequency of i o n  c o l l i s i o n s  yeff on t h e  plasma e l e c t r o n  dens i ty  
f o r  a l i n e  c u r r e n t  4.5 a / c m .  The c ros ses  des igna te  t h e  p o i n t s  computed 
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Figure 3 

according to the halfwidth of the absorption curves; the dots designate 
the points computed according to the absolute power at the absorption maxi­
mum for a given density. The observed high frequency energy absorption is 
caused by ion-electron collisions. However, under the conditions for 
which the dependence shown in Figure 2 was determined, the electron tem­
perature comprised 1 ev in order of magnitude (see Figure 3 ) .  The frequency 
of ion Coulomb collisions with electrons must be one order of magnitude 
less than yeff over the entire range of measured plasma densities. There­

fore, the effective frequency of ion collisions, which was measured in the 
experiment, cannot be caused by Coulomb scattering of ions by electrons 
[the electron temperature, which was determined in (Ref. 1) according to 
yeff under the assumption of Coulomb interaction of ions with electrons, /22 

amounted to 0.15 ev). 

In order to clarify the nature of the interac,tionbetween ions and 
electrons, and consequently the nature of the observed high frequency 
energy absorption by a plasma in ion cyclotron resonance, the dependence 
of the effective frequency of ion collisions on the line current density 
j o  -- i.e., the dependence on the strength of the high frequency field in 
the plasma -- was determined. The quantity yeff was computed according to 
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t h e  power a t  t h e  abso rp t ion  maximum f o r  a d e n s i t y  of 5.1=1012 

Figure 3 shows t h e  dependences yeff ( j o ) ,  T e ( j o )  and ~ ( j o )  -- where T i s  


upt h e  plasma decay t i m e  -- on d e n s i t y  7 . 6 0 1 0 ~ ~  t o  2.5*1012 cm-3 f o r  a 
magnetic f i e l d  s t r e n g t h  of 4 . 2 0 1 0 ~a / m ,  where t h e  abso rp t ion  reaches a 
maximum f o r  a d e n s i t y  of 5.1=1012 ~ m ' ~ .  It can b e  seen  that yeff r a p i d l y  

decreases  with an i n c r e a s e  i n  j o ( j o <  I a / c m ) .  The frequency of Coulomb 
c o l l i s i o n s  between i o n s  and e l e c t r o n s  must fol low t h i s  p a t t e r n ,  since t h e  
high frequency power introduced i n t o  t h e  plasma -- and consequently t h e  
e l e c t r o n  temperature -- i nc reases  with an i n c r e a s e  i n  j o .  The e l e c t r o n  
temperature,  determined according t o  yeff  i n  t h e  case of j o <1' a / c m  under 
t h e  assumption of Coulomb i n t e r a c t i o n  between i o n s  and e l e c t r o n s ,  coin­
c i d e s i n  o rde r  of magnitude w i t h  t h e  temperature computed according t o  
t h e  l i n e  i n t e n s i t y  �I(see Figure 3 ) .B 

There is  a sharp bend i n  t h e  curve y ef  f ( j o )  a t  t h e  p o i n t  j o  _< 1 a / c m ,  

and with a f u r t h e r  i nc rease  i n  jo, yeff i nc reases  slowly, remaining a t  a 

level on t h e  o rde r  of 2 0 1 0 ~sec-' and considerably exceeding t h e  frequency 
of Coulomb c o l l i s i o n s  between ions  and e l e c t r o n s  f o r  given e l e c t r o n  tempera­
t u r e s .  A s  can be  seen from Figure 3 ,  a t  t h i s  po in t  a sharp decrease i n  t h e  
plasma decay t i m e  occurs. It w a s  shown i n  (Ref. 2) t h a t  a decrease i n  t h e  
decay t i m e  i s  caused by increased plasma d i f f u s i o n  ac ross  t h e  f o r c e  l i n e s  
of t h e  magnetic f i e l d .  I n  i t s  t u r n ,  t h e  d i f f u s i o n  i s  caused by an in s t a ­
b i l i t y  produced i n  t h e  f i e l d  of an ion  cyclotron wave having a l a r g e  ampli­
tude.  

It may thus  be assumed t h a t  under t h e  condi t ions of our experiment 
t h e  anomalously l a r g e  frequency of i on  c o l l i s i o n s  i n  high frequency f i e l d s  
with s u p e r c r i t i c a l  s t r e n g t h s  is  caused by t h e  more i n t e n s e  (as compared 
with Coulomb i n t e r a c t i o n )  i n t e r a c t i o n  of i ons  with e l ec t rons .  The reason 
f o r  t h i s  (and f o r  anomalous d i f f u s i o n )  i s  "bunched" i n s t a b i l i t y .  The f a c t  
t h a t  absorpt ion i s  " c o l l i s i o n  absorption" i .e.,  i t  formally s a t i s f i e s  
equation (3) -- where f ( x )  i n  t h e  form of ( 4 )  means i n  phys i ca l  terms t h a t  
t he  damping f o r c e  (which is  caused by an i n s t a b i l i t y )  of t h e  i o n  motion /23 
d i r e c t e d  toward t h e  e l e c t r o n s  i s  p ropor t iona l  t o  t h e  re la t ive v e l o c i t y  of 
i on  and e l e c t r o n  l i q u i d s  i n  t h e  f i e l d  of an ion  cyclotron wave. 

Comparison With t h e  Th-eo3 of- 20% 
Cyclotron Wave S t a b i l i t y  

W e  s h a l l  show t h a t  t h e  values  of t h e  e f f e c t i v e  frequency of i on  c o l l i ­
s ions  i n  f i e l d s  with s u p e r c r i t i c a l  s t r e n g t h s ,  computed e i t h e r  according t o  
t h e  halfwidth of t h e  resonance absorpt ion curve o r  according t o  t h e  abso lu te  
power a t  t h e  absorpt ion maximum, as w e l l  as t h e  plasma d i f f u s i o n  c o e f f i c i e n t  
determined by t h e  decay t i m e ,  coincide i n  o rde r  of magnitude with t h e  corres­
ponding va lues  computed f o r  our case according t o  t h e  theory of i on  cyclotron 
wave s t a b i l i t y  (Ref. 8). 
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A s  follows from (Ref. 8 ) ,  under the experimental conditions (Ne-
H- 4010~-5*1012 ~ m - ~ ;  a/m; Te - 1 ev) for longitudinal (electrostatic) 

high frequency fluctuations excited b an ion bundle and propagated almost 
across a constant magnetic field (cos’ 0 <, m) , we obtainm 

Re w - Im w - (we~i)”’t  ( 6 )  

where we is the cyclotron electron frequency. 


The effective frequency of ion collisions may be regarded as the in­
verse of the time during which an ion bundle with an initial energy per 

Mu2unit of volume Ni -2 (u -- the velocity of the relative motion of the ion 

and electron components in the field of an ion cyclotron wave almost equals 
the velocity of an ion liquid) excites the fluctuations (6)  and transmits 
all of the energy of the ordered motion to the electron gas. On the other 
hand, the electrons obtain the energy Ni-mu2 from the ions during the ex­
2 

1
citation time of the fluctuations (w w . ) - 12. The braking time of an ione l  

bundle is thus 


M 1 

= = ,y(w,wi)- T .  (7) 

Substituting numerical values in (7), we obtain low6 sec for T, which coin­
cides in order of magnitude with .,if - 0.5*10-6 sec which was determined 
experimentally. 

Let us determine the diffusion caused by instability, employing the /24
theory of nonuniform plasma stability (Ref. 14). The diffusion coefficient 
may be written as follows 

D -V ’ t ,  ( 8 )  

where V is the plasma pulsation velocity; t = -1 -- the characteristic time 
V 

of correlation disappearance. The increasing increment dfluctuations (6) 
must be used as v .  The pulsation amplitude may be determined by the condi­
tion of balance between two processes -- one of which leads to an increase 
in the pulsation amplitude due to the development of instability, and the 
other leads to contraction of this amplitude due to nonlinear processes 
leading to oscillation damping. A s  a result, we obtain 

v = V A L ,  (9) 

where X ~ i s 
the oscillation wavelength in the radial direction. Then the 
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diffusion coefficient is 


D -YA:, 

or, since ku z v, where k is the radial wave number, we have 

Under the experimental conditions, in the case of j o  = 8 a/cm; u ­
-lo6 cm/sec and D - 2-104cm2/sec, which coincides in order of maknitude 
with D - 5.104 cm2/sec, determined for the same conditions according to 
the plasma decay time in (Ref. 2). 

Conclusions 


1. The absorption of high frequency energy, which was observed in 
our experiments, close to the ion cyclotron resonance both for small and 
large amplitudes of the high frequency field can be formally described by 
relationships (3) and ( 4 ) ,  which were derived for the case of "collision" 
absorption. 

2. Absorption is caused by the interaction between plasma ions and 
electrons. In fields whose strength is less than the critical strength, 
it is caused by pair Coulomb collisions. In fields whose strength is 
greater than the critical strength, the effective frequency measured 
experimentally of ion collisions is considerably greater than the fre­
quency of pair Coulomb collisions. In this case, the anomalously large ­/25 

absorption is apparently caused by braking of the ordered motion of ions 

in the field of the ion cyclotron wave by high frequency longitudinal 

oscillations excited by an ion bundle. 


3. The value obtained experimentally for the effective frequency 
of ion collisions, and also the diffusion coefficient determined according 
to the plasma decay time, coincide in order of magnitude with the corres­
ponding values calculated according to the theory of ion cyclotron wave 
stability. 

4 .  On the basis of the results obtained, it is natural to pose the 
question of "turbulent" plasma heating (Ref. 15) in ion cyclotron resonance 
-- i.e., brief excitation in the plasma of an ion cyclotron wave having a 
large amplitude, with subsequent thermalization of the ordered motion of 
plasma particles in the field of this wave by the high frequency longi­
tudinal oscillations excited by an ion bundle passing through the electron 
gas. The heating period must be quite small, so that anomalous diffusion 
caused by plasma instability does not produce significant losses in plasma 
particles. 
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INVESTIGATION OF CONDITIONS PRODUCING A DENSE PLASMA IN A 
METALLIC CHAMBER AND ITS HIGH FREQUENCY HEATING 

0. M. Shvets, S. S. Ovchinnikov, V. F. Tarasenko, 
L. V. Brzhechko, 0 .  S. Pavlichenko, V. T. Tolok 

It was shown in (Ref. 1) that powerful, high frequency oscillators may 

be employed to produce a dense plasma in a metallic chamber. The present 

experiments represent a continuation of this study by investigating the 

conditions producing a dense plasma in a metallic chamber and by determining 

the main plasma parameters. 


The utilization of a metallic chamber as the operational vacuum body 

and the method of feeding the system from the hf oscillator have definite 

advantages and unusual features. 


1. The system has a low input impedance, which does not require high 
voltages when large, high frequency powers are introduced, and avoids 
several technical difficulties which accompany, as an example, the spatially 
periodic circuit proposed by Stix (Ref. 2). 

2. A good connection between the feed electrodes and the plasma is 

provided. A dense plasma with a cylindrical form is produced between the 

central electrodes,,andhas no direct contact with the wall of the discharge 

chamber. 


Investigation of the Conditions Producinga 

Dense Plasma in a Metallic Chamber 


The "Vikhr'" device (Figure l), on which the study was performed, con­
sists of a copper chamber 1 with a wall thickness of 2.5 mm, an inner diameter 
of 125 mm, and a length of 2000 mm. It is placed in a magnetic field which /27 
can be regulated continuously between 0 -2010~a/m. The configuration of the 

magnetic field may be varied, depending upon the method chosen to handle 

the plasma produced. Since we were interested in plasma heating by high 
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Figure 1 

frequency f i e l d s ,  t h e  magnetic f i e l d  conf igu ra t ion  w a s  chosen i n  accordance 
wi th  t h e  condi t ions which w e r e  r e q u i s i t e  f o r  generat ion and absorpt ion of 
i o n  cyc lo t ron  waves. The r eg ion  of t h e  "magnetic beach" w a s  l oca t ed  i n  
t h e  c e n t e r  of t h e  selenoid 11 producing t h e  magnetic f i e l d .  The r e s i d u a l  
gas p re s su re  i n  t h e  system d i d  no t  exceed 1.33-10-4 n/m2. The rods 3 are 
introduced a x i a l l y  i n t o  t h e  vacuum chamber through t h e  p o r c e l a i n  in su la ­
t o r s  2. Aluminum e l e c t r o d e s  4 with a diameter of 50 mm and a l eng th  of 
70 mm are loca ted  a t  t h e  ends of t h e s e  rods.  The d i s t a n c e  between t h e  
e l e c t r o d e s  i s  1000 mm. The feed rods 3 through t h e  c o a x i a l  cab le s  5 and 
t h e  capaci tance C are connected wi th  t h e  coupling c o i l  6 of t h e  hf o s c i l ­
l a t o r  7. The o s c i l l a t o r  power is on t h e  o rde r  of 100 kw; t h e  ope ra t ing  
frequency i s  1 . 8 2 0 1 0 ~cps. The ends of t h e  chamber are closed w i t h  g l a s s  
d i s c s  8. The o p e r a t i o n a l  gas from t h e  f l a s k  9 is  admitted i n t o  t h e  chamber 
by t h e  valve 10  through an opening i n  t h e  g l a s s  d i s c  8. 

With t h e  system employed f o r  switching on t h e  hf o s c i l l a t o r ,  t h e  feed 
e l e c t r o d e s  acqu i r e  a nega t ive  p o t e n t i a l ,  due t o  t h e  r e c t i f y i n g  p r o p e r t i e s  
of t h e  plasma; t h i s  nega t ive  p o t e n t i a l  can reach several k i l o v o l t s  w i t h  
r e s p e c t  t o  t h e  chamber. This p o t e n t i a l  c r e a t e s  t h e  cond i t ion  f o r  o s c i l l a ­
t i o n  of e l e c t r o n s  along t h e  magnetic f i e l d  f o r c e  l i n e s  between e l e c t r o d e s ,  
s i m i l a r l y  t o  Penning discharge.  The o s c i l l a t i n g  e l e c t r o n s  e f f e c t i v e l y  /28 
i o n i z e  t h e  ope ra t iona l  gas and provide f o r  a high degree of i o n i z a t i o n  up 
t o  a chamber p re s su re  of 1 . 3 3 0 1 0 - ~n/m2. A core of dense plasma i s  formed 
between t h e  e l ec t rodes  along t h e  chamber axis; t h e  diameter of t h i s  plasma 
is  determined by t h e  e l e c t r o d e  diameter.  Due t o  t h e  presence of a constant  
p o t e n t i a l ,  t h e  p e r i p h e r a l  plasma begins t o  r o t a t e  according t o  t h e  l a w  of 
plasma behavior i n  crossed e lec t r ic  f i e l d s  and magnetic f i e l d s .  I n  a few 
microseconds t h e  appl ied high frequency vo l t age  produces a discharge i n  /30
t h e  o p e r a t i o n a l  area, which is accompanied by a vo l t age  decrease a t  t h e  
e l e c t r o d e s  due t o  an i n c r e a s e  i n  t h e  o s c i l l a t o r  loading (Figure 2 ,  a). 
The c e n t r a l  e l e c t r o d e  acqu i re s  a nega t ive  p o t e n t i a l ,  which is r e t a i n e d  f o r  
t h e  e n t i r e  per iod of t i m e . t h a t  t h e  dense plasma exists (Figure 2,  b ) .  

. .  . .. .... 



Figure 2 


Lines of admixtures from the chamber wall materials and from the 
electrodes -- CuII, AI11 -- and a weak line CII (Figure 3) were observed 
in the discharge spectrum obtained by means of a ISP-51 spectrograph with 
a UF-85 camera (focal distance 1300 mm). 

When the outline of the line H
B 
was measured, it was found that under 

our experimental conditions there was an apparant Stark widening by the 
micropoles of the plasma. This made it possible to determine the charged 
particle density, by comparing the contour observed experimentally with 
the theoretical contour computed on the basis of the theory advanced by 
Kolb, Grim, and Shen (Ref. 3 ) .  For purposes of comparison, Figure 4 shows 
the observed contour I and the theoretical Stark contour 11, computed for 
n = 2.0*1014~ m - ~ .The figure also plots the Gaussian contour I11 with 
the halfwidth equalling the experimental value of the halfwidth 0.7 1. 
Close to the maximum, the line broadening was caused by the Doppler 
mechanism, and the slopes of the line are due to broadening by the Stark 
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mechanism. 


Measurements of the plasma density made it possible to determine its 
comparatively weak dependence in discharge on the magnetic field strength, 
which confirmed the assumption regarding the nonresonance mechanism by 
which a plasma is produced in discharge. At a pressure of 0.4 n/m2, the max­

1
imum plasma density was 2=lOl42. For an approximate determination of 

25 




Figure 4 

the plasma density distribution over the radius of the system, different 
sections of the plasma were focused on the spectrograph slit. The most 

1dense plasma (density on the order of lOI4 7 ) produces a filament with a cm 
diameter of 20 mm; at a distance of about 30 mm from the discharge axis, 
the plasma density decreased by more than one order of magnitude. 

The electron temperature was measured with respect to the intensities /32 
of singlet and triplet lines of helium; it was ( 4  - 5) lo5 OK. 

The dependence of the plasma density change on time was determined 
by probing the plasma with an ultrahigh frequency signal at a wavelength 
of 3 cm (Figure 5, c) and 0.8 cm (Figure 5, d) through the glass openings in 
the chamber. The measurements showed that in an optimum regime there is 

1 a plasma with a density of L 1OI3 -Jin the apparatus for 3 . 6  milliseconds, 

and with a density of 2 10l2	-for 17 milliseconds. The form of the hfcm3 
pulse is shown in Figure 5, a. The maximum plasma density was determined 
according to measurements of the relative change in the intensity of the 
spectral line HB with time. The intensity of the spectral line HB (the 

photomultiplier signal, Figure 5, b), if the main excitation mechanism is 
electron collision, is 

where v42 is the frequency corresponding to the line H6; *ik -- probability 

of spontaneous transition from the i level to the k level; 
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Figure 5 

04(v) -- excitation cross section (by electron collision) of the n = 4 

level. fe(v) is the electron distribution function with respect to 


velocity; [v',(v)] in the case of Maxwell distribution of electron veloci­

ties is the function of electron temperature which -- as measurements of 
the dependence Te(t) have shown -- changes very little during the dura­

tion of the hf pulse. Thus, the intensity of the line HB must change 
proportionally to the product nane. In our case, the neutral gas from 


the cold section constantly enters the discharge column, since 


!!I&lo-' sec (Rpl -- radius of the plasma column; vn -- thermal velocity 
vn 
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of the neutrals). Therefore, the neutral density na= const and, conse­


quently, the intensity of the line H
B is proportional to the electron 

2density ne' At the moment when n = 10l22,the intensity of the line 
H

B decreases by a factor of 200 as compared with its maximum intensity 

i.e., the maximum plasma density in our case is 2*lOI4- which coin­cm3' 
cides with the contour of the line HB determined according to Stark 
broadening. The plasma density determination based on the intensity of 
the line H

B '  at the moment when a signal with a wavelength of 0.8 cm ­/33 


begins to pass through, coincides with the result of microwave measure­

ments. 


Thus, we have studied the conditions producing a dense plasma in a 

1metallic chamber. A plasma with a density on the order of 10142 

and an electron temperature ( 4  - 5) lo5 Ok was obtained in the experiments. 
The weak dependence of plasma density on the magnetic field strength points 
to a nonresonance mechanism by which the plasma is produced. The aim of 
our subsequent experiments was to investigate the heating of the plasma 
obtained by the generation of ion cyclotron waves. 

High Frequency -Heatingo f  a Dense Plasma 
in a Metallic Chamber 

The next stage of our investigation was to study the possible heating 
of ions by generating ion cyclotron waves in a dense plasma produced by a 
hf oscillator in a metallic discharge chamber. The ltVikhr'"device was 
modernized so that, when the ion cyclotron wave was generated at the ends 
of the coaxial close to the magnetic mirror, it was propagated into the 
center of the discharge chamber, where the magnetic field strength was de­
creased to a value equalling the cyclotron value for protons, forming the 
region of the magnetic beach. When the wave was propagated along the system 
axis and approached the region of the magnetic beach, its velocity decreased, 
and it was damped, transmitting its energy to the plasma ions. In order 
to propagate the wave in the region of the magnetic beach, it is necessary 
that the magnetic field strength per wavelength change by several percents 
-- i.e., a smooth change in the magnetic field strength over the length of 
the system is requisite. If the opposite is true, the wave will be reflected. 

The residual gas pressure in the system did not exceed 1.3'10-4 n/m2. 
The experiment was performed with a mixture of two gases -- hydrogen and 
helium or hydrogen and argon. The operational pressure was established 
by a stationary regime of the valve operation in the 0.1 - 0.8 n/m2 
range. At a pressure of 0.4 n/m2, the hf oscillator, operating at a 
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frequency of 1.82010~cps with a power of 150 kw, produces a plasma with 
a density on the order of lOI4 cm3* With a magnetic field strength of 


H = 1.25 Hiac(Hi,c -- the cyclotron value of the magnetic field strength 

for protons) waves are generated in the plasma with X = -n - 6 . 6  cm I 3 4  
C 

(Avac -- wave length in a vacuum;'n= -- refractive index 

of the medium; v = H -- Alfven velocity; H -- magnetic field; w 

operational frequency of the osclllator; wiaC -- cyclotron frequency of 
proton rotation; p -- mass density. 

This system has several advantages. The pulse which is initially 

transmitted to the ions is perpendicular to the vector of the outer mag­

netic field strength, which facilitates the retention of ions in the cork­

screw configuration of the magnetic field. Since the system has a low inped­

ance, energy is readily introduced into the discharge chamber and is trans­

mitted directly to the plasma ions. An increase in the density and diameter 

of the plasma does not make the conditions worse for wave generation. At 

the same time, the spatially periodic circuit for introducing hf power 

into the plasma, which was advanced by Stix (Ref. 2), loses any physical 

meaning with an increase in the plasma density and diameter. When a mix­

ture of two gases is heated, or when it is necessary to heat the plasma 

electron component simultaneously with the ion component, this system makes 

it possible to introduce the power of two oscillators operating at different 

frequencies. 


A s  has been pointed out, an increase in the plasma density does not 
impede wave generation, since spatial periodicity is not given externally, 
but is established as a function of the plasma refractive index, and may 
be small (several centimeters). However, the possibility of periodicity 
is not excluded, if rings are placed endwise on the coaxial at different 
distances from each other; these rings vi11 introduce a perturbation, 
creating a specific periodicity along the system axis. One unusual feature 
of the discharge is the fact that its nucleus, consisting of a plasma which 
is almost entirely ionized, is surrounded by a plasma having a low density 
and a neutral "housing". During generation and absorption of ion cyclotron 
waves, the dense plasma nucleus is heated, and the cold plasma surrounding 
it with a low density contributes, in all probability, to the suppression 
of channel instability. 

In the experiments described, the ion temperature of the plasma and 
the charged particle density, which were averaged over time, were deter­
mined by means of optical methods. The change with time in the intensity 
of the spectral lines for hydrogen and admixtures was also studied. A 
ISP-51 spectrograph was placed in such a way that the central portion of /35 

29 


I 




Figure 6 

the cylindrical plasma column, lying in the region of the magnetic beach, 

was focused on its input slit. Oscillograms showing the intensity of 

the spectral lines for hydrogen and helium or argon, added to the chamber 
in small proportions to the operational gas, showed that regular oscilla­
tions are produced in the intensity of the spectral lines with a frequency 
on the order of 20 kc, close to the magnetic field strength corresponding 
to the cyclotron value for protons (Figure 6 ) .  These oscillations appear 
during wave generation in the plasmqand are caused by the eccentric ro­
tation of the dense plasma filament as a whole with respect to the chamber 
axis, in accordance with the drift law in crossed, radial electric fields 
and axial magnetic fields. The direction and frequency of the filament rota­
tion was determined by two photoelectron multipliers oriented towards the 
end of the chamber and placed at a radius of 3 cm from the system axis. 
One of them was shifted along the azimuth. The oscillation phase of the 

light intensity was thus changed. 


One interesting feature was discovered when the ion temperature was 
measured according to the Doppler broadening of the hydrogen and additional 
gas lines. The width of the hydrogen line depended comparatively little 
on the magnetic field strength, and the additional gas lines were broadened 
considerably when the magnetic field strength was close to the cyclotron 
value for protons. The ion temperature of this gas, determined for the / 3 6  
optimum operational regime of the apparatus, amounted to 250 ev (2.5*106 OK). 
Measurements of the halfwidth of the line H showed that the hydrogen atom 
temperature was below the temperature of thg additional gas, while there 
was considerable Stark broadening of the line contour, corresponding to a 

plasma density of 2 - 1 0 1 4 ~ .There was also Doppler broadening of the 


admixture lines (copper, aluminum, oxygen, carbon, nitrogen). When the 

temperaturesof different admixtures and additional gases were measured, 
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no ion temperature dependence on their mass was detected. The heating 

of the additional gas ions was terminated when only one additional gas 

was admitted into the discharge chamber up to the previous operational 

pressure. One of the characteristic dependences of helium temperature 

(when it was added to the. chamber in a small amount) on magnetic field 
strength, mgasured over the halfwidth of a helium line with a wavelength 
of 4921.93 A ,  is shown in Figure 7. The helium atoms acquire a maximum 
temperature at a magnetic field strength which is close to the cyclotron 
value for protons. A certain temperature increase is observed as a mag­
netic field strength is approached which equals the double cyclotron value 
for hydrogen ions. 

If it is assumed that the halfwidth of the HB line is determined by 
Doppler broadening, the temperature of neutral hydrogen is considerably 
lower than the plasma ion temperature. However, under our conditions 
(in the case of Te = [ 4  - 51 lo5 OK), the lifetime of neutral hydrogen in 
the plasma, with respect to the ionization process, was small as compared 
with the time of Coulomb collisions. Therefore, neutral hydrogen cannot 
acquire energy equalling the ion energy. Since the frequency of hydrogen 
atom collisions with electrons is greater under these conditions than the 
frequency of collisions with ions, the Stark mechanism is the predominant 
mechanism leading to the broadening of the line of the residual neutral 
hydrogen. 

In an optimum operational regime in a mixture of two gases -- hydrogen 
and argon, the dependence of the argon ion temperature on the magnetic 
field strength is resonant in nature with a maximum close to the magnetic 
field strength corresponding to the cyclotron value for protons. The 
maximum temperature of argon ions in the experiments was 2.5010~O K ,  and 
for electrons -- 5 0 1 0 ~OK. In order to determine the distribution of the 
plasma ion temperature over the radius of the system, different sections 
of the plasma were focused on the spectrograph slit. The hottest plasma was 
located in the center of the filament. The temperature rapidly decreased /37 
over the radius (approximately 5 times greater along the axis than on a 
radius of about 4 cm). Figure 8 illustrates the temperature dependence of 
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Figure 8 

plasma on the applied high frequency voltage. The increase in the mag­
netic field strength and the high frequency voltage -- i.e., the hf power 
introduced -- made it possible to obtain a higher plasma temperature. 

The mechanism by which the proton energy is transmitted to the addi­
tional gas has still not been definitely clarified. Since the gasokinetic 
pressure in these experiments may exceed the magnetic pressure, the possi­
bility is not excluded that centrifugal instability may be produced, which 
can lead to transmission of proton energy to the additional gas and can 
lead to its heating. 

In certain operational regimes of the apparatus, we observed genera­

tion of a rapid magnetosound wave at a magnetic field strength which was 

less than the cyclotron value for protons. However, conditions were not 

favorable for studying it at the existing oscillator frequency (1.82-106 

cps) 


Thus, in all probability, these experiments illustrate the feasibility 
of high frequency heating of a dense plasma consisting of two types of 
ions by resonance generation of ion cyclotron waves for one type of ions. 
The mechanism by which energy is transmitted from one type of ions (pro­
tons) to other ions (helium, argon, admixture) requires further study. 
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HIGH FREQUENCY PLASMA HEATING 


K. N. Stepanov 


A s  is well known, a rapid decrease in the frequency of Coulomb colli­
sions of plasma particles leads to a decrease in the rate of ohmic plasma 
heating both by constant fields and by high frequency electric fields when 
there is a temperature increase. Therefore, great hopes have been expressed 
(Ref. 1, 2) for achieving plasma thermonuclear temperatures by utilizing 
different effects of collisionless energy absorption of high frequency 
fields by a plasma. In principle, this amounts to Cherenkov, or to cyclo­
tron, absorption and radiation of waves by electrons and ions. 

However, collisionless energy absorption by a plasma leads to great 
distortion of the velocity distribution function of electrons and ions and 
to attenuation, or even complete discontinuance, of absorption. It also 
leads to every type of plasma instability. If collisionless plasma heating 
is effectuated by weak electric fields, so that Coulomb collisions provide 
a Maxwell distribution function, the heating rate is the same as for ohmic 
heating. The time required to heat the plasma up to thermonuclear tempera­
tures with weak fields is less than the time required for containing the 
plasma in a thermonuclear reactor, utilizing the reaction D + D, with a 
positive energy output. Therefore, under the condition of producing a 
stable, plasma configuration, it is primarily possible to achieve thermo­
nuclear plasma temperatures with slow heating by weak, constant fields or 
by high frequency fields, which in themselves do not lead to strong plasma /39 
instability. 

On the other hand, for rapid plasma heating it is'verytempting to 
employ strong electric fields, under whose influence electrons or ions 
in the plasma acquire a large directed velocity (Ref. 3 - 6), as well as 
strong electron bundles (Ref. 7) or the collision of plasma clusters 
(Ref. 3) ("turbulent" methods of plasma heating). Due to the development 
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of bunched instability in the systems, there is a rapid increase in the 

energy of high frequency oscillations leading to braking of the acceler­

ated particles, to an energy increase with respect to motion ("tempera­

ture"), and to an energy exchange between different plasma components. 


This article presents a brief survey of the collisionless, high fre­

quency methods of plasma heating, and it also compares them with the 

ohmic heating method. 


Ohmic Plasma Heating 


When investigating the processes of plasma heating, we shall disre­
gard energy losses due to cyclotron radiation of electrons, which is ab­
sorbed by a plasma if its dimensions are fairly large, as well as losses 
due to plasma thermal conductivity on the chamber walls -- which is also 
a surface effect. In addition, we shall assume that the residual gas 
pressure is small, so that we can disregard energy losses due to over­
loading and radiation of admixed atoms excited by electron collision. 
Under these conditions, the energy losses by the plasma are determined 
only by braking radiation of the electrons. 

4 

When the ohmic method is employed to heat a plasma by a "constant" 

electric field with the strength E, the electron energy increase is deter­

mined by the following equation 


where w = -3 T is the mean electron energy; Te -- electron temperatures;2 e  

-- Joule heat liberated per unit volume per unit of time; no -- electron 

density; 0 = 
1.96e2n0~e-- plasma conductivity; = ~ V K T I ' ~-- time of 140 

4 1/2-n0e4Ame 
electron mean free path; A -- Coulomb logarithm. The intensity of elec­
tron braking radiation (Ref. 8 )  is 

If we take into account the transmission of energy to ions, then we 


must replace Q+ by yI %.in the case of Te% Ti. This effect, as well as 

other effects which do not change in order of magnitude, is not taken 

into account from this point on. 
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Under the influence of the electric field E, the electrons acquire 

a directed velocity 


enOve whereIf the field strength E exceeds the critical value (Ecr- -, 
(5 

Vc =/z is the electron thermal velocity) , then all of the electrons 

are carried along by the electric field in a continuous acceleration regime. 
The motion of the electron gas with respect to the ions leads to the phe­
nomenon of bunchedinstability which is related to the buildup of longi­
tundinal high frequency oscillations in the plasma (Ref. 9) .  The inverse 
influence of plasma oscillations on the electron motion leads to electron 
braking -- i.e., to anomalous plasma resistance, and also to increased 
radiation of radio waves, which considerably increases the plasma thermal 
radiation (Ref. 10, 11). 

Plasma bunched instability can arise in the case of E << Ecr, i.e., 
in the case of u << ve. For example, in a very non-isothermic plasma, 

in the case of Te >> Ti (Ti -- ion temperature) the electrons build up 
sound oscillations (Ref. 12), if the velocity u exceeds the speed of sound 


VS= /5mi In the case of Te <, Ti, the electrons build up longitudinal 

ion cyclotron oscillations, if u > 10
Vi 

(vi = f:. -- thermal ion velo­

city) (Ref. 13). However, it may be expected that -- since only a small 
group of resonance electrons participates in the oscillation buildup 
the formation of a "plateau" in the electron distribution function will /41
lead to a decrease in the increasing increment ( Ref. 14 - 18), and nonlinear 
effects will lead to stabilization of these oscillations (whose amplitude
will be small) (Ref. 16 - 18). 

Expression (2) may be employed only in the case of E << Ecr. Assuming 
that E = o1Ecr, where c1 << 1, we obtain 

Q+-y
a2T, 


(4) 


Let us substitute expressions (3) and (4) in (1). We then have 
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where Te -- i n  kev, no -- i n  ~ m - ~ .  The hea t ing  process  terminates, 

dw-= 0 i n  t h e  case ofd t  Tmax-5. 105a2kev 

It thus  follows t h a t  even i n  t h e  case of hea t ing  wi th  weak f i e l d s  (a = 
= 10-1 - 10-2) i t  i s  poss ib l e  t o  achieve thermonuclear temperatures 
(T % 5 0  kev).  

I f  Q, << Q+, then -- dis regard ing  Q,- as compared wi th  E Q+ i n  (1) 

and tak ing  i n t o  account ( 4 )  -- w e  ob ta in  

where To and TO -- are t h e  i n i t i a l  va lues  of Te and T ~ .  The inf luence  of 
braking r a d i a t i o n  on t h e  hea t ing  process  is  s i g n i f i c a n t  i n  t h e  case of 
Te ,-,, Tmax, i .e . ,  i n  t h e  case of 

For example, i n  t h e  case of TO % 100 ev, no ,-,, 1015 ~ m - ~ ,T O %  2.10-8 

sec and a % (1/30),  t h e  temperature Te = 50 kev i s  achieved during t h e  

time t % 0.2 sec 

and the  e lec t r ic  f i e l d  s t r e n g t h  changes between 0.3 - 3-10-4 v/cm. The 
energy exchange between ions  and e l ec t rons  takes  p lace  during the  t i m e  
-tie - 0.5 sec 

mi 
Tie -= e -

me 
B (10) 

s o  t h a t  the  separa t ion  between the  e l ec t ron  temperature and t h e  ion  t e m - / 4 2  
pera tu re  i s  s m a l l .  

The heat ing t i m e  (9) is  not  l a r g e  from t h e  po in t  of view of producing 
thermonuclear r e a c t o r s  with a p o s i t i v e  energy balance.  The t i m e  t h e  plasma 
i s  contained i n  such a r e a c t o r ,  when employing t h e  r eac t ion  D + D ,  must be 
g r e a t e r  than (Ref. 19) 
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For the example under consideration (no % 1015 ~m'~) t* 2, 10 sec, 
which exceeds the heating time of the ion component by a factor of 20. 

Cherenkov Ion Heating 


In the case of high frequency plasma heating employing the method 
advanced in (Ref. 2 0 ) ,  oscillations of an axial magnetic field H, which 
is produced by azimuthal electric currents, lead to a variable azimuthal 
electric field E in a plasma cylinder located in a strong longitudinal 
field Ho. Radiaf, drift oscillations of the plasma arise, due to particle 
drift in crossed fields Eo and Ho,  which leads to density oscillations 
i.e., to the appearance of sound (more precisely, magnetosound) waves. 
(It is assumed that the wave frequency w is considerably less than the ion 

gyrofrequency mi = 3,
miC 

and the wave length is considerably less than the 


Larmor radius of ions pi = vi with thermal velocity).
Wi 

Ions having the velocity v,,along Ho, which is close to the phase 

velocity of a wave V+ +-,	w vigorously interact with the field E

+ *  
If 

k I1 

the wave phase velocity is on the order of the ion thermal velocity, the 

number of resonance ions is large, and there is strong wave absorption. 
(As is known, in the absence of a magnetic field sound oscillations in a 
plasma, in the case of Te_<Ti, cannot be propagated in general, due to 
strong Cherenkov absorption by ions (Ref. 21); in the case of Ho # 0 and 
Te< Ti, magnetosound oscillations are also damped during one period, if 
Vo % vi [Ref. 221). 

Let us investigate Cherenkov absorption by plasma ions of the energy 

of an electromagnetic field produced by azimuthal electric currents, 

which take the form of a moving wave and flow into the coil placed on a 

plasma cylinder having the radius a: 


j ,  = j ,  cos ( R  flz-w t p  ( r  -Q). (12) 

If kII a_<1, then the current (12) produces a variable longitudinal 

magnetic field with the strength 


5 

H ,  =H cos ( R  flz-w t ) ,  (12') 
- 47rjo The strength of the aximuthal electric field iswhere H = -. 

C 
I 

ET=-% k rsin ( R  ,z -ot), 

kIlCwhere ni = -is the longitudinal refractive index. w 
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I n  t h e  absence of damping, t h e  va lue  of t h e  energy f l u x ,  averaged 
over t i m e ,  i n  t h e  plasma p e r  unit  l eng th  

So = - C E,H,?aa 

equals  zero. It is apparent t h a t ,  i n  t h e  presence of damping, t h e  energy 
f l u x  i n  t h e  plasma equals ,  i n  o rde r  of magnitude, 

ac - xS - - H2­
4nl In1 I' 

where x is t h e  c o r r e c t i o n  t o  t h e  "transverse" r e f r a c t i v e  index nL, caused 
by t h e  Cherenkov o s c i l l a t i o n  absorpt ion by plasma ions.  

The d i spe r s ion  equat ion f o r  a magnetosound wave has  t h e  form (Ref. 22) 

where t h e  c o e f f i c i e n t  rl - 1, i f  V+ - v i .  The component- i takes  i n t o  
account Cherenkov wave damping i n  an ion  gas .  

L e t  us i n v e s t i g a t e  a plasma with a s m a l l  ga sok ine t i c  p re s su re  

HI28nnoTi.t 1)- I n  t h i s  case, t h e  Alfv6n v e l o c i t y  V A  =-l /4xn0mi(r< - i s  consider­

ably g r e a t e r  than t h e  i o n  thermal v e l o c i t y  vi and t h e  speed of sound V,. 
C

Since rill- -, i n  t h e  zero approximation i t  follows from equat ion (14) t h a t  /44
vi 

n l  = inll. I n  t h e  following approximation w e  obtain:  n . ~= i n u  (1 f T i n 2 ,  F q  , 
i . e .  

Taking i n t o  account expressions (13) and (15), w e  ob ta in  t h e  following 
dw Sformula f o r  t h e  mean i n c r e a s e  i n  plasma i o n  energy -= -(Ref. 23)d t  .rraZng 

I n  a c t u a l i t y ,  t h e  energy i s  absorbed by resonance ions  with v I I  X 
w 

M V r e s  - k,; These ions  may be regarded as magnetic d ipo le s  with t h e  mag­

n e t i c  moment m i u t  -5 which moves i n  t h e  wave magnetic f i e l d  with a 
p = 2 8 ,  Ho 
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s t r e n g t h  which slowly changes i n  t i m e  and space. Within t h e  frame of 
r e fe rence  i n  which t h e  wave i s  a t  rest, t h e  equat ion of d ipo le  motion 

l e a d s  t o  the  l a w  of energy conservat ion 

mizZ 
-2 -k pHz =const. 

wIons with v e l o c i t i e s  vI1 i n  t h e  -.. w - Av < V I I  < -+ Av range, where 
k ii kU 

are trapped i n  t h e  p o t e n t i a l  w e l l  and e f f e c t i v e l y  i n t e r a c t  w i th  t h e  wave. 
It is  apparent t h a t  t h e  number of resonance p a r t i c l e s  p e r  u n i t  volume i s  

Due t o  t h e  s h i f t  of i ons  under t h e  in f luence  of t h e  f o r c e  -1-1 ­dHz 
dz * 

t h e  d i s t r i b u t i o n  func t ion  i n  t h e  resonance region i s  d i s t o r t e d  during t h e  

time 'nonlin. 9 
during which a trapped p a r t i c l e  covers a d i s t a n c e  on t h e  

o rde r  of t h e  p o t e n t i a l  w e l l  width, i .e. ,  

Relaxation of t h e  d i s t r i b u t i o n  func t ion  due t o  c o l l i s i o n s  i n  a narrow re­
wgion of t h e  width%Av c l o s e  t o  V I I  = - % v i  occurs during t h e  t i m e  pe r iod
k l  

where 

It i s  apparent t h a t  t h e  ion  d i s t r i b u t i o n  func t ion  w i l l  be d i s t o r t e d  by an 
The c r i t i c a l  value of t h e  va r i a ­i n s i g n i f i c a n t  amount i f  -rnonlin. >> ~ ~ ~ 1 .  

b l e  magnetic f i e l d  s t r e n g t h  H = Hcrr  a t  which t h e  d i s t r i b u t i o n  func t ion  d i s ­

%t o r t i o n  becomes s i g n i f i c a n t ,  is  determined from t h e  condi t ion -rnon1in. 
,-,, Taking i n t o  account (19),  (21) ,  and (22) , w e  o b t a i n  (Ref. 23) 

H 
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Expression (23) f o r  Hcr can be  obtained by another  method. An in­

crease i n  t h e  perpendicular  v e l o c i t y  component (o r  a change i n  t h e  mag­
n e t i c  moment) i n  t h e  presence of a v a r i a b l e  magnetic f i e l d  is  determined 
i n  t h e  d r i f t  approximation from t h e  following equat ion 

The t i m e  of non l inea r  d i s t o r t i o n  of t h e  d i s t r i b u t i o n  funct ion wi th  
r e spec t  t o  t h e  v e l o c i t y  v ~ u n d e rt h e  in f luence  of t h e  f i e l d  E9 -- i .e.,  

aH2
under the  in f luence  of t h e  f o r c e %  - i n  ( 2 4 )  -- i s  determined according 
az 

t o  t h e  r e l a t i o n s h i p  

1
Tnonlin - ,k AuL , ( 2 5 )  

where 

I f  t h e  ions  o b t a i n  a v e l o c i t y  i n c r e a s e %  Av,, then t h e  r e l a x a t i o n  /46 
t i m e  of t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion  i s  determined by 

N 

The c r i t i ca l  vaiue of t h e  magnetic f i e l d  s t r e n g t h  H = Hcr, a t  which 

g r e a t  d i s t o r t i o n  of t h e  i o n  d i s t r i b u t i o n  func t ion  f(vI1, VL) occurs c l o s e  t o  
w 

VI1 = i;;;Y which is  determined from t h e  condi t ion T ~ % T ~ ~ coincides  ~~ ~~ , 

wwith t h e  value of (23) i n  t h e  case of - %vi. It is  a l s o  apparent t h a t  t h e  
kll 

d i s t o r t i o n  of t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion  of t h e  p a r t i c l e s  c l o s e  t o  
w 

V I I  = T;;; i s  no t  s i g n i f i c a n t ,  i f  t h e  energy acquired by resonance p a r t i c l e s  
w whaving t h e  v e l o c i t y  V I ]  ( i n  t h e  -- Av, < V I  < ;;;” + Av, i n t e r v a l ) ,  during
k II II 

t h e  t i m e  between two c o l l i s i o n s  ~i 

is s m a l l  as compared w i t h  t h e i r  thermal energy Ti. The c r i t i c a l  f i e l d  
ly 


s t r e n g t h  H, determined from condi t ion - T~ %Ti ,  coincides  with ( 2 3 ) .  
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N wDuring hea t ing  wi th  f i e l d s  H = aHcr under t h e  cond i t ion  - $ V i  ( i t  is
k II 

apparent t h a t  t h e  f u l f i l l m e n t  of t h i s  condi t ion r e q u i r e s  t h a t  t h e  f r e ­

quency be increased p ropor t iona l ly  t o  as t h e  temperature inc reases )  

where To ,  TO and w o  are t h e  i n i t i a l  values  of Te, T~ and w. 

Assuming t h a t  w - Ti and i n t e g r a t i n g  equat ion ( 2 9 ) ,  w e  o b t a i n  t h e  
following expression f o r  t h e  i o n  temperature (Ref. 23) 

Plasma hea t ing  by means of i o n  Cherenkov resonance may be i n t e n s i f i e d ,  /47 
i f  -- i n s t e a d  of one wave -- several waves are employed with phase veloci­
ties d i f f e r i n g  by 2 - 3 Av, s o  t h a t  a l l  p a r t i c l e s  i n  t h e  -vi 5 V I I$vi  
range may be resonance p a r t i c l e s .  I n  order  t o  do t h i s ,  i t  is  s u f f i c i e n t  t o  

wproduce a wide w a v e  packet with a phase v e l o c i t y  s c a t t e r i n g  of A(-)- vt.- k II 
It is apparent t h a t  t h e  t o t a l  number of such waves i s  :-/?. It i s  a l s o  

evident  t h a t  i n  t h i s  case t h e  c r i t i c a l  s t r e n g t h  of t h e  v a r i a b l e  magnetic 
f i e l d  r e spons ib l e  f o r  g r e a t  d i s t o r t i o n  of t h e  i o n  d i s t r i b u t i o n  func t ion  over 

j.

t h e  entire ( V I  <, vi range i s  

I n  t h e  case of h e a t i n g  by t h e  f i e l d  H,- ciHcr, tot. (E - a2Hcr) i n  t he  

case of a wide wave packet,  w e  havee-!.!-(?)
2 w T i - - .  a3Tl 

dt AV No =i 

I n t e g r a t i n g  expression ( 2 2 ) ,  w e  o b t a i n  

Formulas (32) and (33) ,  which determine t h e  i o n  temperature during t h e  
hea t ing  of plasma ions  under optimum cond i t ions ,  when p r a c t i c a l l y  a l l  t h e  
plasma ions  p a r t i c i p a t e  i n  absorpt ion of t h e  high frequency f i e l d  energy, 
are s i m i l a r  t o  formulas (l),( 4 ) ,  and (7), which determine J o u l e  e l e c t r o n  
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heating by subcritical "constant" fields. 


In the case of c1 = 0.01,no Q 1015 l/cm3, To = 100 ev, HO 2r 105G, 
and w o  Q, l o 7  sec", we obtain: T O  2r sec, Ti = 50 kev during the time 
t ' L  1 sec, while in the case of t = 0 H, ~5006,E+,2r 50 v/cm at the end 

of heating w Q 20 wo 2, 2*108 sec-l 2, 0.2wi and H, Q 206, E4  2r 40 v/cm 

barely changes). One advantage of this method 


Ti 

is the fact that energy is transmitted directly to the plasma ion com­

ponent. 


In the case of a very non-isothermal plasma (Te >> Ti), as was shown 
in (Ref. 2 4 ) ,  a resonance relationship between the outer circuit and the 1 4 8  
plasma can exist in the case of V + %  Vs. In this case for Te<-lOTi ion 
absorption is still significant (on the order of electron absorption), and 
resonance V + =  Vs can exist. The energy absorbed at the maximum increases 
by 10 - 100 times as compared with (16) (Ref. 23). 

An expression for the high frequency power absorbed by a nonuniform 

wplasma cylinder in the case of - Q vi was obtained in (Ref. 25).
k I I  

A s  of the present, the effect of Cherenkov absorption of a magneto-
sound wave by plasma ions has not been studied experimentally. 

Cherenkov Electron Heating By the Field of a 

Magnetosound Wave (Helicons) 


A rapid magnetosound wave can be propagated in a plasma with a large 
- eH0density (*:>> We , where Q~ = J=+ Langmuir frequency, we - - __ 
IDeC 


electron gyrofrequency); the refractive index of this wave in the wi<<w<<w
e 


frequency region is determined by the expression 


(in this frequency region, rapid magnetosound waves are called "whistling 
atmospherics", or simply "atmospherics", "whistles", and "spiral waves") . 

Cherenkov whistle absorption by plasma electrons is weak not only 

wfor - >> ve, when the damping coefficient is exponentially small (Ref.26,
k II 
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27), but also for i;-ii <, ve. In the last case (Ref. 28, 2 9 ) ,  we havew 

---.7. 
 kII"e 
nJ. O C  ( 3 5 )  

Since the whistle field readily penetrates a dense plasma, these 
whistles may be employed to heat the plasma electron component, while 
electrons located within the plasma cylinder will be heated up due to / 4 9  
the comparatively small absorption coefficient ( 3 5 ) .  

If kII ci % 1, then -- substituting ( 3 5 )  in equation (14) -- we obtain 

8xnoT, 'It

Since the factor (2' -$-) differs very little from unity in order 

of magnitude, this formula coincides with formula (16) (substituting Te 
by Ti). However, since w >> wi in the case under consideration, and since 
formula (16) was obtained for the frequencies w << wi, for the same values-
of H electron heating by the whistle field takes place much more rapidly 

than Cherenkov heating of ions by a low frequency field. 


The change in the electron distribution function with respect to vi 

by the quantity 


H oA v I  - v e  v'%.  - ( 3 7 )k II ' e  

is insignificant, if the time of nonlinear distortion of the distribution 


.
function ~ ~ ~ % ~	-l is a~little greater than the relaxation time
k1IAV.L 

2 

~~~l Avl- . The critical strength of a variable magnetic field 
N 


H = Hcr, at which the collisions cannot equalize the distribution function, 

l ~ ~ .
is determined from the condition ~ ~ % ~ ~~ ~~ 1 : 

This expression for Hcr is obtained under the condition that resonance 

o 0(G-Avl< D l  < 

II $. *DI 9 which acquire the following energy 

4 3  



per  u n i t  of t i m e  

-
I f  H = Hcr during t h e  t i m e  % -re, a cqu i r e  energy which is  on t h e  order  of /50 
t h e  thermal energy. 

ly

During e l e c t r o n  h e a t i n g  by w h i s t l e  f i e l d s  w i t h  H = aHcrr t h e  energy 
acquired by one e l e c t r o n  on t h e  average p e r  u n i t  of t i m e  is  

H,2 l/.

Assuming, f o r  purposes of s i m p l i c i t y ,  t h a t  ...;) - 1. we ob ta in  

Under optimum condi t ions,  when a wide wave packet is employed and when 
a l a r g e  p o r t i o n  of e l e c t r o n s  w i t h  a v e l o c i t y  of Ivi1 I <, ve are resonance 
e l e c t r o n s ,  e l e c t r o n  hea t ing  by a f i e l d  wi th  H2 %aHcr .  tot. %a- i s  
determined by t h e  following expression 

dw a"e; T ,  = T ~  a3t( 1  +%) '/a . 
t-y-

These formulas desc r ibe  Cherenkov e l e c t r o n  hea t ing  by a w h i s t l e  f i e l d  under 
optimum condi t ions,  i f  a l l  t h e  plasma e l e c t r o n s  p a r t i c i p a t e  i n  energy absorp­
t ion .  They are s i m i l a r  t o  formulas (4) and (7), which may be  used t o  deter­
mine t h e  e l e c t r o n  temperature inc rease  during ohmic hea t ing  by f i e l d s  wi th  
s u b c r i t i c a l  s t r e n g t h .  

The study (Ref. 30) w a s  devoted t o  a t h e o r e t i c a l  i n v e s t i g a t i o n  of 
Cherenkov e l e c t r o n  hea t ing  by t h e  e lec t r ic  f i e l d  of a r ap id  magnetosound 
wave propagated i n  a nonuniform plasma cy l inde r .  Cherenkov w h i s t l e  ab­
so rp t ion  w a s  determined experimentally i n  (Ref. 31). 

Ion Cyclotron Resonance. 
Absorption of AlfvBn Wave 

Ions are heated most e f f e c t i v e l y  by t h e  f i e l d  of a high frequency wave 
under condi t ions of i o n  cyc lo t ron  resonance. I f  t h e  frequency of a wave 
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propagated i n  a low-pressure plasma i s  c l o s e  t o  t h e  i o n  cyclotron f r e ­
quency, then t h e r e  w i l l  be  a l a r g e  number of p a r t i c l e s  having t h e  v e l o c i t y  
V I I ,  which is c l o s e  t o  t h e  p a r t i c l e  resonance v e l o c i t y  ­/ 5 1  

and e f f e c t i v e l y  i n t e r a c t i n g  wi th  t h e  wave f i e l d .  Therefore,  t h e  wave 
energy absorpt ion by i o n s  w i l l  be l a rge .  Cyclotron damping of w a v e s  i s  
t h e  inve r se  of cyc lo t ron  r a d i a t i o n  of waves by charged p a r t i c l e s  i n  a 

. magnetic f i e l d .  This e f f e c t  w a s  f i r s t  s tud ied  i n  (Ref. 3 2 ) ,  where they 
i n v e s t i g a t e d  t h e  damping of magnetohydrodynamic waves propagated along t h e  
magnetic f i e l d .  A study of t h e  cyclotron absorpt ion of waves having a 
frequency of w x  w i w a s  pursued i n  (Ref. 33) [see a l s o  t h e  s t u d i e s  (Ref. 20 ,  
34 ,  3 5 ) ] .  

A s  i s  w e l l  known, i n  t h e  frequency region on t h e  o rde r  of w i  i n  a 
cold plasma (Ta = 0) t h e r e  are two branches of o s c i l l a t i o n s  corresponding 
t o  an Alfvgn wave (which can only be propagated i n  t h e  case of w < wi) 
and corresponding t o  a r a p i d  magnetosound wave. A s  t h e  AlfvGn wave f r e ­
quency approaches wi, i t s  r e f r a c t i v e  index and cyc lo t ron  damping c o e f f i c i e n t  
i nc rease .  I n  t h e  case of w i  - w 5  kii v i ,  t h e  propagation of t h i s  wave by 
s t r o n g  damping is  impossible:  R e  k - I m  k - 1 / 6 i ,  where 6i i s  t h e  depth t o  
which t h e  f i e l d  p e n e t r a t e s  t h e  plasma (Ref. 28 ,  36, 37) 

A magnetosound wave i s  absorbed s l i g h t l y  i n  t h e  case of 1 0  - y I <, kll vi. 

L e t  us f i r s t  examine cyc lo t ron  hea t ing  of a plasma cy l inde r  by an 
Alfvgn wave which i s  s t r o n g l y  damped. The azimuthal c u r r e n t s  (12)  e x c i t e  
t h i s  wave i f  kll 6i - 1. Also assuming t h a t  kll a - 1 and w i  - ws k i  v i ,  
w e  obtained t h e  following expression from formula (13) f o r  t h e  mean energy 
acquired by one ion pe r  u n i t  of t i m e  

It thus follows &hat t h e  electromagnet ic  f i e l d  energy which i s  accumulated 

i n  t h e  plasma (2)i s  absorbed during a per iod of t i m e  on t h e  o rde r  of 

I n  add i t ion ,  a comparison of ( 4 5 )  and (16) shows t h a t ,  f o r  t h e  same / 5 2  
v a r i a b l e  magnetic f i e l d  s t r e n g t h ,  t h e  energy absorbed by t h e  plasma i n  
t h e  case of w w  w i  i s  considerably g r e a t e r  than i n  t h e  case of Cherenkov 
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resonance. , In the first place, this is due to the difference in the fre­

quencies ($)- w and, in the second place, it is due to a large factor 
u2"0 N 

in expression ( 3 2 ) .  On the other hand, for the same values of H 
87~noT-i 

and kII the electric field strength in the case of cyclotron resonance is 

(ti times greater than in the case of Cherenkov resonance (wCher 
w Cher. 
the wave frequency under Cherenkov resonance conditions). 

In order to determine the number of resonance ions responsible for 

energy absorption during cyclotron resonance, let us investigate the parti­

cle motion in the field of a flat cyclotron wave: 


- -
H, = H s i n ( k ! z - w t ) ,  H g  = - H c o s ( k ~ z - w t ) ;  

H HE,  = - -cos(h z -w t ) ,  E, = - -sin (k  z -w t ) ,
IL I " I  

where IZ I I  = k l l C -- ~ 

c is the refractive index.
V A  1 / O i / 0  - 1 

In the absence of a wave, the ions move along a spiral: 


- + - +  


0 = uo = (u: COS ( w i t  + yo),  -V Isin ( w i t  + yo), ZJ I ) .  


When there is a weak field, the velocity perturbation is determined 

according to the equations of motion 


e Hv 
- nip  I cos ( k  12-w t )  + wivy; 

eH6 -- -sin ( k o z-wt) -oiv,;Y - rnin 

where 0= kuz f ( w i - w) t -k yo. 

Assuming that u = vx + ivy, from the first two equations we obtain 	 ­153 

& + iwiu = --e' e H  ( k  I -Of) .  

Inin II 

Thus, assuming that u = uoe-iwit, we obtain 
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The third equation can be written as follows 

-

eu: H k
&+- mic cos a) =0. ( 4 7 )  

Let us first investigate nonlinear distortion of the distribution func­
tion close to VI!= vres, caused by a variable magnetic field. The law of 
energy conservation follows from ( 4 7 )  

The time of nonlinear distortion of the distribution function close to 
VII= vreS equals the potential.well flight time of trapped particles 

Tnonlin --. 1 

k U A U I I  

We obtain the following expression from the condition Tnonlin. - Trel­
for the critical value of the magnetic field strength 


This expression may also be obtained from the formula for the nonlinear 
decrement of cyclotron wave damping, which is determined on the basis 
of the quasilinear theory (Ref. 38)  in the case of vreS >> vi, if we set 

vreS - vi and k l l  --	1 in formula (25) of the study (Ref. 3 8 ) .
6i 

-+
However, the influence of the accelerating field E on the distribu- / 5 4

tion function change in a plane perpendicular to HO is considerably 
stronger than the influence of a variable magnetic field on the distribu­

tion function change with respect to velocity along Ho. 


Let us determine the time of nonlinear distortion of the distribution 

-+

function by the field E: 

1Tnonlin kUAUL' 

where 
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Equating T
nonl in .  

and Tre1 % T~ (?r i n  the  case of H % Her, w e  ob ta in  

W e  ob ta in  the  same expression by assuming t h a t  only a group of resonance 
p a r t i c l e s  wi th  vreS - A v l <  vI1 < vreS + A v l p a r t i c i p a t e s  i n  energy absorp­

t ion .  Resonance p a r t i c l e s  acqui re  the  following energy per  u n i t  of t i m e  

I n  the  case of H % H e r ,  during t h e  t i m e  % T~ these  p a r t i c l e s  c o l l e c t  

t he  energy % Ti. The c r i t i ca l  f i e l d  s t r e n g t h  (50) i s  considerably less 

than ( 4 8 ) .  This means t h a t  t h e  in f luence  of nonl inear  e f f e c t s  caused by 
the  e l e c t r i c  f i e l d  i s  manifested f o r  smaller f i e l d  s t r e n g t h s  than is  t h e  
case f o r  t he  in f luence  of a v a r i a b l e  magnetic f i e l d .  

- dw
I n  	t h e  case of H = aHcr, w e  ob ta in  the  following expression f o r  ­

d t  

Thus, we have 

L e t  us now p resen t  a numerical example. L e t  us set no % 1 0 ~ 3cm-3, / 5 5  

HO 'L 5*103G,  wi % 5*107 sec-l  and c1 % 1. Then i n  the  case of Ti = 10 ev,  
'v dw w e  obtain:  'ci % 3 0 1 0 - ~sec ,  H % 2G and - % 300 kev/sec; i f  T i  % 100 ev,

d t  
hr dwthen T~ % l o y 4  sec, H %  0.4G and -% 30 kev/sec;  i f  Ti 'L 1 kev, thend t  

ru dw~i% 3 ~ 1 0 - ~s e c ,  H % 0.1G and dt % 3 kev/sec.  

h, 

In  the  case of TO % 100 ev and H % Her, t he  temperature Ti % 10 kev 

is  achieved during the  t i m e  t % 3 sec. 
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Cyclotron hea t ing  by f i e l d s  with s u b c r i t i c a l  s t r e n g t h s  may b e  in­
t e n s i f i e d ,  i f  several waves (wave packet)  are employed having phase 
v e l o c i t i e s  which d i f f e r  w i th  r e spec t  t o  2 - 3 Avl. The number of such 

waves is  ~3 and t h e  c r i t i ca l  s t r e n g t h  of t h e  t o t a l  magnetic f i e l d  is  
Avl' 

H c r  . t o t  % HcrHO, where Her i s  determined according t o  (50). In t h e  
dw 

case of hea t ing  by t h e  f i e l d  H, % aHcr. tot, i n  t h i s  case f o r  = w e  ob­

t a i n  ( 3 2 ) ,  and f o r  Ti w e  o b t a i n  (33). 

Cyclotron wave absorpt ion i n  a plasma cy l inde r  w i t h  a cons t an t  
(over t h e  c r o s s  s e c t i o n )  p l ane  and temperature w a s  analyzed i n  (Ref. 33, 
3 9 ) .  The absorpt ion of long w a v e  o s c i l l a t i o n s  i n  a nonuniform plasma 
cy l inde r  w a s  s tud ied  i n  (Ref. 40). 

I n  t h e  case of a plasma with a l a r g e  d e n s i t y  and magnetic f i e l d s  
wi th  a high s t r e n g t h ,  t h e  s k i n  depth b i  (44) i s  s m a l l .  When 6 i  is  less 
than t h e  plasma r a d i u s ,  plasma hea t ing  by an Alfven w a v e  i s  i n e f f e c t i v e ,  
s i n c e  t h e  wave energy is  absorbed only by ions  loca t ed  on t h e  per iphery 
of t h e  plasma cy l inde r .  

I n  order  t o  avoid t h i s  d i f f i c u l t y ,  S t i x  (Ref. 41) employed t h e  in­
genious i d e a  of "magnetic beaches". I f  t h e  plasma cy l inde r  is  placed i n  
t h e  f i e l d  HO with a slowly decreasing s t r e n g t h ,  then cyclotron damping i s  
exponent ia l ly  s m a l l  i n  t h e  region w i  - w > >  kll v i .  A n  Alfvgn wave r e a d i l y  

pene t r a t e s  t h e  plasma, and they may be  exc i t ed  resonant ly .  When t h e  wave 
is  propagated along Ho, t h e  d i f f e r e n c e  wi - w decreases ,  wh i l e  t h e  r e f r a c ­

/56t ive  index rill % 1/ wi - w and t h e  damping c o e f f i c i e n t  x - exp J -
i nc rease .  I f  t h e  magnetic f i e l d  decreases  smoothly, t h e  r e f l e c t i o n  co­
e f f i c i e n t  w i l l  b e  s m a l l ,  and t h e  wave w i l l  be  absorbed a t  t h e  approach 
t o  t h e  region of s t rong  cyc lo t ron  damping, where w i  - w,< kll vi ( region 

of t h e  "magnetic beach"). The f i e l d  behavior c l o s e  t o  t h e  magnetic beach 
w a s  determined i n  (Ref. 42, 43). Absorption of Alfv6n waves a t  t h e  magnetic 
beaches w a s  determined experimental ly  i n  (Ref. 44). Experiments performed 
a t  Pr inceton c l o s e l y  coincide wi th  t h e  t h e o r e t i c a l  computations of cyc lo t ron  
damping i n  a l i n e a r  approximation [see t h e  summary i n  (Ref. 45 ) l .  On t h e  
o t h e r  hand, i n  several devices  f o r  i o n  cyc lo t ron  hea t ing  (see, f o r  example, 
[Ref. 461) t h e  v a r i a b l e  f i e l d  s t r e n g t h s  are on t h e  o rde r  o f ,  o r  even con­
s i d e r a b l y  l a r g e r  than, t h e  c r i t i ca l  s t r e n g t h s .  Under t h e s e  cond i t ions ,  
w e  must expect a decrease i n  t h e  f i e l d  energy absorpt ion,  as compared wi th  
t h e  case of weak f i e l d s .  
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Cyclotron Absorp-t
ion-.-of a Magnetosound Wave 

The above-mentioned difficulty entailed in high frequencv heating 
of a plasma having a large density by a strongly damped AIfvGn wave is 
unimportant for a rapid magnetosound wave. A magnetosound wave is ab­
sorbed in the case of w = wi to a considerably lesser extent, and can 
penetrate the plasma readily. The damping coefficinet of this wave in 
the case of I w  - wil ,< kII vi is on the order of (Ref. 28) 

Cwhere nl% -. 
vA 

If kll c1 % 1,we obtain the following expression (Ref. 39) for the 
energy absorbed on the average by one ion per unit of time from the formula 

(13), taking into account (53) 


Plasma heating by a magnetosound wave is greatly intensified, if the 
frequency w z wi coincides with the eigen oscillation frequency of a plasma 
cylinder wres. In this case, the field strength in the plasma increases /57 

in the case of lures - CIII as compared with the non­

resonance case, by a factor of 


It is apparent that we then have 


Multiple resonance: w = hi, may be employed to heat a plasma with a 
large density by a magnetosound wave. The damping coefficient of the mag­
netosound wave in the case of I w  - 2wil t< kll vi is (Ref. 28) 

where Qi= 0is the ion Langmuir frequency. It follows
lf47 
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from (57) that in a plasma having a large density > k,,c resonance 
at the multiple frequency w M 2wi is more advantageous than at the main 
frequency. 


The heating of a plasma cylinder which is uniform across its cross 
section was examined for w M nui (n = 2,3, ...) in (Ref. 47), and the 
case of wavelengths(k1i ci << 1)in a nonuniform plasma was investigated in 
(Ref. 4 8 ) .  Cyclotron absorption of magnetosound waves in the case of 
w = wi and w = 2wi has not been determined experimentally as yet, although 
the inverse effect -- cyclotron radiation of ions in a dense plasma 
was studied recently (Ref. 49). 

The statements presented above illustrate the following: 


(1) Cherenkov and cyclotron plasma heating with weak fields, when 

distortion of the ion distribution function is compensated by collisions, 

occur at the same rate as ohmic heating by a "constant" electric field, /58 

whose strength is less than the critical strength; 


(2) Plasma heating by weak fields up to thermonuclear temperatures 
(Ti - 50 kev) takes place over a long period of time. However, this time 
is less than the time for containing a plasma in a thermonuclear reactor 

with a positive balance; 


(3)  When heating is performed with fields having subcritical strengths, 
it is more advantageous to employ a plasma with a great density, since col­
lisions occur more frequently in it, the critical field strengths are larger, 

Iand the heating time is less than (t- -).
n0 

1. 


2. 


3. 


4 .  
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DIELECTRIC CONSTANT OF A PLASMA IN A DIRECT PINCH MAGNETIC 
FIELD AND IN A DPWCT HELICAL MAGNETIC FIELD 

V. F. Aleksin, V. I. Yashin 


Dielectric Constant of a Plasma in a / 60 
Direct Pinch Magnetic Field 

The study of electromagnetic oscillations in a nonuniform plasma 
has aroused a great deal of interest recently. This is primarily due to 
the discovery of several instabilities. A great number of these studies* 
has been devoted to studying the electromagnetic properties of a slightly-
nonuniform plasma located either in an almost uniform magnetic field with 
parallel force lines, or in an axially symmetrical magnetic field with 
helical magnetic force lines. 

In conjunction with these cases, when investigating the problem of 
controlled thermonuclear synthesis it is very important to study the plasma 
electromagnetic oscillations in pinch magnetic fields and in helical mag­
netic fields and in a stellarator with helical current winding (Ref. 3 ) ,
which has a more complex structure than magnetic force lines. 

A s  is well known, the electromagnetic properties of media are de­
scribed by the dielectric constant tensor or the e1ect.roconductivitytensor 
related to it. In slightly nonuniform media, one can introduce quantities 
which are similar to the electroconductivity tensor and the dielectric 
constant tensor. In contrast to a uniform plasma, these tensors depend on 
spatial variables in wave vector spme k and the frequency w. 

If E(k,w) is the electric field strength, then the density of the 
current induced by this field can be writren as follows 

ja (r, t )  =1dkdwo,p ( k ,  w, r) Ep (k, w) ei (kr--~)t) ,  (1) 

where CIaB (k, w, r) is the electroconductivity tensor of a nonuniform plasma, 
which is related to the dielectric constant tensor by the well-known rela- /61 

tionship 


4zi 
E ~ P 
(k, w, r) = aa, + y o m p(k, w, r). (2) 

The explicit form of the tensor aaB(k,  w ,  r) may be found by different 

* 	 A detailed list of the literature is presented in the review articles 
of A. B. Mikhaylovskiy (Ref. l), A. A. Rukhadze, and V. P. Silin (Ref. 2). 
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methods. In our case, it is advantageous to employ the method advanced by
Vp.Shafranov (Ref. 4 ) .  In order to do this, it is necessary to determine 
the trajectory of the unperturbed particle motion and to solve the kinetic 
equation by the characteristics method. 

In the absence of a balanced electric field, the unperturbed charged 

particle motion may be described by the equations 


dv e dr 
==E[vB]; -dt --", (3) 

where B is the magnetic field strength in the plasma; e and m -- particle 
charge and mass, respectively. In the cylindrical coordinate system, the 

strength components of a nonvortical, direct pinch magnetic field have the 

following form --

B, =Bo C gn sin a m ;  
fl= 1 

I \ 

B,  =0, 

where Bo is a uniform magnetic field; a =r;2lT fn(r) and gn(r) -- functions 

of the coordinate r which are connected by the relationships 


dffl =nagn; -	(rgfl) ­dr -mafa. (5) 

In the presence of a plasma, the field components, which are related to 
the pressure gradient and the longitudinal current and which may be found 
from the equations of plasma equilibrium, must be added to the nonvortical 
field ( 4 ) .  

A solution of equations (3) lin the general case of arbitrary fields /62
entails considerable difficulties. Let us examine the case (which is 

of practical interest) of a low-pressure plasma (6 = 3<< 1) without a 

longitudinal current, in a pinch magnetic field (4) having a large uniform 
component BO(fn - gn- 6 << 1). 

In solving nonlinear equations ( 3 ) ,  the presence of a small parameter 
6 makes it possible to employ -- along with the drift approximation --.the 
method of averaging (Ref. 5) when solving drift equations for flying parti­
cles. The number of particles which are biocked is small, and their contri­
bution to the tensor aaB may be disregarded. Avoiding cumbersome computa­
tions, let us derive the final result of solving the equations of motion (3)  

6 2within an accuracy of terms on the order of - (WB = 2)inclusively
WB 
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OD 

f. ( t )=r -c $ [cosnu (v f + 2)  -cos naz]­
n= I 

V J .  [sin (7 -w ~ f )-sin 71;
OB 

m 

z ( t )  = z  + v , , t - [sin nu ( u  0 f + z )  -sin naz]; 
n-2 I 

u I ( t )= u I + 1 
v .fit [cos na (v t + z)  -cos naz] .  

n=l 

where VIIand vi are the velocity components which are longitudinal and I 6 3  

transverse to the field, respectively; y -- the initial phase of particle 
rotation around the center of a Larmor circle;V,+ -- the averaged velocity 
component related to the drift of the Larmor circle center: 


For purposes of simplicity, we have omitted the index 0 for quantities 
taken at the initial moment of time t = 0 in formulas ( 6 )  and (7). We 
shall also do this from this point on. 

By solving the kinetic equation, wirh no allowance for close collisions, 

by the method of characteristics, we can find the expression for the electro­

conductivity tensor in a cylindrical coordinate system from the equation 

for the induced current density 


0 
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-- 

where Fg is the equilibrium distribution function of the particles; k 
mthe wave vector with the components kr, k,, k+ (k+ = -ry m -- whole numbers); 

C -- the sum with respect to ions and electrons. The electric field may
i,e 
be determined by the expression 

k,,  m)eiRrr+iRzz+rnzp. (9 1E (r, o)= dk,dk, E (h,
in 

For a slightly nonuniform plasma in a strong magnetic field, we may 

write 


for the equilibrium distribution function within an accuracy of terms on 
VTthe first order of smallness with respect to the parameter - (VT
*Ba 

thermal particle velocity, a -- characteriszic dimension of the nonuni­
formity for the main plasma state). Here, T -- unit vector in the field 
direction; f -- arbitrary function of the velocities vll, vl and of the 
variable Y which is an integral of the drift equations. Within an accuracy 

of the terms 	- the quantity Y coincides with the integral of the force 
*B 

line equations 

m 

Y = r2 + 2r 5 cos naz. na 
n= 1 

Due to the smallness of the parameter 6, we may approximately compute 
the function f which depends only on the coordinate r. We should note that,in 
order to avoid this, in a plasma with the selected distribution function 
div j C 0 we may add the component VB x l[RvB21og~" 
v d l .  to the function Fo ,  

where integration is performed along the magnetic force line. However, as 

may be readily seen, in our approximation this term is small. 


Let us select the Maxwell distribution of particles with a nonuniform 

equilibrium density no and the temperature T, which depend on I, as f: 


Retaining the important terms in (8), after simple transformationswe ob­
tain 
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where t h e  following n o t a t i o n  is employed: 

The v e l o c i t y  components which are included i n  t h e  expression f o r  t h e  ten­
s o r  QaB i n  a c y l i n d r i c a l  coordinate  system have t h e  following f o r m  

m 

ur(t)=u.cos(T--Bt)+ E gnv,  s i n n a ( o , t + z ) ;  
n= 1 

m 

v , ( f ) = v l  - C 2 ; - / n ~ 0 S n a ( v , t + z ) .v: 


n=1 I 

By employing them, w e  can ob ta in  t h e  e x p l i c i t  form of t h e  t enso r  QaB 

m -

Qap = E qaqps
p=--m 

%where the  vec to r s  q and q have t h e  following form 
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-

qr =v I  [ { j p  (E)cos 9-i ~ i(E)sin 9)cr) --i u 1Jp (E) r,gl$'e""Z; (17) 1 6 6  

I -
qT = v I [f J~ (E)sin + iJb (E)cos 9Jcjo)+ v,J,(E) c ~ ) ;  

-
qr = v I J, (E)c:) --4J, (E)xj1cc)eilm; 

I 1 -
CP( I )  = (o-paB -nasv I -lav ,-k,v, -k,v @.)-I  

(Jp(S) is the Bessel function; the sum with respect to 1 is taken from 
-OD to +OD, and it is thus assumed that g-, =-g, , f-% = j, and fo = 0). 

A s  is well known, the electroconductivity tensor may be employed 
to obtain the expression for the polarizability vector x which charac­
terizes the density of the induced charge p ,  

The components of the polarizability vector have the following form 


i. e p=-m 

The expressions for the electroconductivity tensor and the polariza­
bility vector may be simplified in the case of electromagnetic oscilla­
tions, whose wavelength is  much greater than the pinch modulation depth 
(0, << 1). In this case, we must get rid of complex sums and products, 

A 

since the terms with s = s '  = 0 and the operator M = 1 will make the 
main contribution. 

Plasma 	Dielectric Constant in a Dielectric Helical 

Magnetic Field of a Stellarator 


The strength components of a nonvortical magnetic field from a helical 
current winding with the finite step L have the following form (Ref. 6 )  

where Bo is the strength of a uniform, longitudinal magnetic field; 


8 = 4 - az; a =-.	21T , gn(r) and fn(r) -- functions of the coordinate r,L 
which are related by the following relationships 
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(fgn)' =nfn(1 + a2r2); (21)
(rfn)' =ngn. 

Just as in the case of a pinch.field,when deriving the explicit 
form of the electroconductivity tensor, we investigated a plasma with a 
small gasokinetic pressure (B << l), without a longitudinal current, in 
a helical magnetic field having a large axial component 

( f n - g n b a < <  1). 
62Within an accuracy of terms on the order of -, the particle tra-
WB 


jectories and velocities may be described by the following expressions 


where T+,, Tz and VB = v+,- arVZ are the averaged velocity components re­
lated to the motion of the center of a Larmor circle along the averaged 

force line and drift in a nonuniform field: 


Here x is the torsion angle of the magnetic force lines: 

m 
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The distribution function FO in a slightly nonuniform plasma may also 


be determined by (lo), in which Y describes the equation of magnetic sur­
faces: 

We again select the function f as a Maxwell function, with the density and 
temperature dependent on the magnetic surfaces 1. 

As a result of the computations,we obtained the following from the 
general expression for aaB (8) 

where 


Br 
qr = Zl', [f J ,  (E) cos (I) + iJ> (E) sin q] + B, v u J p  (E); 

B 
sin J) -iJ> (E) cos e] + &Jp (E) + Bo 

v i  J ,  (E); 
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* 
The quantities k+,kl, JI ,  5 and the operator L are determined by the ex­
pressions (14); it is assumed that g- and f g  = 0 in theR = -gR, -f& = a f . 
sums over the index R. Correspondingly, the plasma polarizability vector 
in a helical magnetic field is 

m 

Just as in a pinch field, expressions (27) and (29) may be simpli- /70 
field, if the oscillation wave length is much greater than the difference 
between the maximum and minimum radii of the magnetic surface (n  n <<l). 


We may employ the expressions obtained for aaB and x, to study the electro­

magnetic oscillations and plasma stability in pinch magnetic fields and 

in helical magnetic fields. 
 This will be the subject of future research. 
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SECTION I1 

LINEAR PL&M&OSCILLATI.ONS /71 

KINETIC THEORY OF ELECTROMAGNETIC WAVES I N  A CONFINED PLASMA 

A. N. Kondratenko 

Problems of e lectromagnet ic  wave propagation i n  a confined plasma 
are of considerable  i n t e r e s t  t o  s t u d i e s  on methods of plasma hea t ing ,  
acce le ra t ion  of charged p a r t i c l e s ,  plasma d i agnos t i c s ,  and o the r  possi­
b l e  app l i ca t ions .  The hydrodynamic theory of plasma wave guides f o r  slow 
waves has been s tud ied  i n  g r e a t  d e t a i l  [ s ee ,  f o r  examplie, t he  articles 
(Ref. 1 - 4 ) ] .  However, t h e  hydrodynamic theory does not  encompass t h e  
important phenomena r e l a t e d  t o  t h e  p a r t i c l e  thermal motion -- f o r  example, 
wave damping which is  p a r t i c u l a r l y  g r e a t  a t  s m a l l  phase v e l o c i t i e s .  
Since the  phase v e l o c i t y  of a propagated wave VQ is  less i n  t h e  wave 
guides of slow waves than t h e  speed of l i g h t ,  and s ince  i t  may be compara­
b l e  t o  t h e  mean thermal v e l o c i t y  of e l ec t rons  V T ~o r  ions  vTi, t h e  neces­
s i t y  of a k i n e t i c  examination becomes r e a d i l y  apparent.  

On t h e  o the r  hand, t he  confinement of a plasma leads  t o  a new type /72
of wave -- su r face  waves -- whose damping, as w a s  shown i n  (Ref. 5, 6 ) ,  
is propor t iona l  t o  the  thermal v e l o c i t y  of plasma e l e c t r o n s  f o r  V T ~<< VQ. 
I n  a nonconfined plasma, where t h e r e  i s  no su r face  wave, t h e  damping of 
t h e  long i tud ina l  three-dimensiona.1 wave i s  exponent ia l ly  s m a l l  (Ref. 7) 

Formulation of t h e  Problem 

L e t  us i n v e s t i g a t e  the  propagation of slow electromagnet ic  waves i n  
a plasma l a y e r  which is  2a t h i c k  i n  one d i r e c t i o n ,  and is not  confined i n  
t h e  two o ther  d i r e c t i o n s .  As  i s  known (Ref. 4 ) ,  waves propagated under 
these  condi t ions are su r face  waves when t h e r e  i s  no magnetic f i e l d .  

A se l f - cons i s t en t  system of equat ions descr ib ing  these  processes  con­
sists of t h e  M a x w e l l  equat ions 

a H .r o t E = - - - .  1 ­
c df ’ 

rot H =	-1 . dE 41c.  
c Z + C J  

and a l i n e a r i z e d  k i n e t i c  equat ion f o r  t h e  devia t ion  of f a  from t h e  e q u i l i ­
brium d i s t r i b u t i o n  func t ion  foa  of t h e  a type  of p a r t i c l e s  (a = i -- i ons ;  
a = e -- e l e c t r o n s ) ,  i n  which w e  s h a l l  d i s regard  p a r t i c l e  p a i r  c o l l i s i o n s  
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'fa ' f a  ea 'foa -0.  (3)---t v x + - ( E - t F I v ,1 HI)= -
at ma 

The s tandard  n o t a t i o n  is  employed i n  equat ions (1) - (3). W e  s h a l l  select 
t h e  coordinate  axes s o  t h a t  t h e  z a x i s  coincides  with t h e  d i r e c t i o n  of 
t h e  wave propagation, and t h e  x axis is  perpendicular  t o  t h e  l aye r .  The 
YZ plane is t h e  plane of symmetry. 

Equations (1) - (3) must be supplemented by t h e  boundary condi t ions.  
L e t  us assume t h a t  fa = f;fE + f,, where f z  i s  t h e  d i s t r i b u t i o n  func t ion  

f o r  vx > 0, and f a  -- f o r  v, < 0. W e  s h a l l  s e l e c t  t he  condi t ions of t h e  

mir ror  image (Ref. 8) ( the  f i n a l  r e s u l t  does not  depend q u a n t i t a t i v e l y  
on t h e  r e f l e c t i o n  condi t ion)  as t h e  boundary condi t ions  f o r  t h e  func t ion  f i  

W e  ob ta in  t h e  boundary condi t ions  f o r  t h e  f i e l d s  from t h e  M a x w e l l  equa­
t i o n s  (1) and (2), i n t e g r a t i n g  them over an i n f i n i t e l y  t h i n  l a y e r  which 
encompasses the  plasma-vacuum boundary: 

Dispers ion  Equation 

W e  can w r i t e  t h e  dependence of t h e  d i s t r i b u t i o n  func t ion  f a  on 
t i m e  and t h e  cord ina te  I. f o r  t h e  f i e l d s i n  the  form exp i ( k 3 z  - u t ) .  I f  
foci i s  t h e  func t ion  of energy, w e  ob ta in  t h e  following from equation (3) 
with allowance f o r  t h e  boundary condi t ions  

-a 

dfo aiEx(E) -sin 7 (a ­
8% 

where 
R3VZ -0 

7 =  ox -
I n  order  t o  compute t h e  cu r ren t s  j, and jx, it is  necessary t o  de te r ­

mine t h e  sum and t h e  d i f f e r e n c e  f: fi fa .  Employing t h e  values  ( 6 ) ,  w e  

obta in  
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'--.-. - .  $ !Ex (E) K z  (x ,  E) dE; (7) 
mav, dux T 

-a 

-a 


-a 


where 

7s iny (� -a ) s in7 (x+a) ,  x <�, 
K2 (x ,  E )  = -

2~~ sin 7 (x  -a )  sin 7 ( E  +a),  x > E. (10) 

The ke rne l s  K 1  and K 2 ,  which are expanded i n  Fourier  series, have 
t h e  following form 

n.rrwhere an = -.a'  t h e  prime over t h e  sum i n d i c a t e s  t h a t  t h e  sum term corres­
ponding t o  n = 0 must be m u l t i p l i e d  by -1 

2' 

Employing t h e  values  (7), (81, (11) and (12) and using equat ion (1) 
t o  change from t h e  f i e l d s  E,, E, t o  t h e  f i e l d s  E,, H>', w e  may o b t a i n  t h e  

formulas f o r  determining t h e  cu r ren t s :  
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0
where B = -. 
ck3 

The solution of the Maxwell equations (1) and (2) for determining /75 
the fields E, and % leads to the following equations 

We may write the solution of the integro-differential system of 
equations (13) - (16) in the following form 

w m 

E ,  (x)  = X'Ezn cos a,x; H&) = H g n  sin a&. 
n=O n=O 

We obtained the following value for the Fourier components Ezn: 


where 


C m m 
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I I I I I  I I I I  11111111111.11.1.111.1 I I I ,111111 . . _ _  . ... 

4re2p
Here Q i  = a O; P O  -- equilibrium ion density which equals the 

ma 

equilibrium electron density; fOa is the density normalized to unity 


(/f0a dV = 1). 

I 7 6Selecting Maxwell distributions as the equilibrium distribution -
functions fOa' we may write the equation for the plasma impedance 

We thus have 


m 

Q 1 n = ; a n  
2 

-a In(z)-Vi];S ~ Z ( U , - ~ Z ) ~ - ~ ' [ ( U ~ - ~ Z ) ~  

-
0, = -0 .' 

'n%a = (2 -- the mean thermal velocity of a type of particles; 

Equating the plasma impedance (21) to the vacuum impedance 


we obtain the dispersion equation 
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k3°Te 

- 

The sum (25) c o n s i s t s  of t h e  real and imaginary p a r t s ,  s i n c e  each Q con- /77
t a i n s  t h e  real p a r t  which equals  t h e  main value,  and t h e  imaginary p a r t  
which i s  p ropor t iona l  t o  the r e s i d u e  of t h e  i n t e g r a l  I a ( z ) .  

High Frequen-cy O s c i l l a t i o n s  

Le t  us set VTf =0, -(< 1, mt -+a. 
0 

W e  s h a l l  employ t h e  following n o t a t i o n  

Since an are evenly included i n  t h e  sum (261, w e  may change from t h e  
sum t o  the i n t e g r a l  (Ref. 8) 

i n  which i n t e g r a t i o n  over t h e  contour C i s  performed from -03 t o  +, passing 
n raround t h e  s i n g u l a r  p o i n t s  q = from above. L e t  us  deform t h e  i n t e g r a t i o na 

contour,  and l e t  us enclose i t  i n  t h e  upper half-plane.  L e t  us set 
qo = i k L  -- t h e  value of q a t  which A ( q )  = 0. W e  then have 

s i n c e  t h e  i n t e g r a l s  Qj have t h e  following p r i n c i p a l  va lues  04 (j = 1, 2,  3)  
when t h e  e l e c t r o n  p res su re  i s  disregarded:  

When computing t h e  sum P2, w e  should n o t e  t h a t  -- s i n c e  a, = 
w= b - >> b -- f o r  s m a l l  n,  j u s t  as f o r  oe >> 1, t h e  i n t e g r a l  r e s idue  

3VTe 
I ( z )  is  exponent ia l ly  s m a l l .  Therefore,  components w i th  n which is  
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Q,' 

- - 

l a r g e r  than a c e r t a i n  no ( i . e . ,  shortwave components of Fourier  expan- /78 

s i o n ) ,  which may be  determined from t h e  condi t ion  oe % 1, make t h e  main 

con t r ibu t ion  t o  t h e  sum P2. For such n,  b2 << 1, and Q j  have t h e  


following values  (we s h a l l  omit t h e  index e): 


Since Q1 % u2, Q2 % u ,  4 3  % 0, i n  t h e  case of b2 << 02, b2 << 1 f o r  A ,  

which i s  determined by equat ion ( 2 2 ) ,  w e  ob ta in  t h e  following expression 

11 1
L e t  us employ the  following nota t ion :  Q 1  = ReQ1, Q 1  = I m  Q1. We 

then have 

Since no >> 1, w e  may change from the  sum t o  t h e  i n t e g r a l  
4 k3vTe b 03e-O' 

' SQl(p 2 = - ~ '	 ~ 1 - - Q02 ~ ;r~+ ( Q 2  ,)?' (33) 
me 

' 2
W e  may d is regard  t h e  quan t i ty  Q1 i n  t h e  denominator of t h e  i n t e g r a l ,  

and f o r  Q;' w e  may employ i t s  value i n  t h e  case of u % 1. I n  add i t ion ,  
making an exponent ia l ly  s m a l l  e r r o r ,  w e  may mul t ip ly  t h e  lower i n t e g r a t i o n  
l i m i t  by m. W e  f i n a l l y  ob ta in  

The d i spe r s ion  equat ion (25) now assumes t h e  following form 
I- 1 

(1-?2a)2 e t h k l a  + i-. 2 1 - - E  

--E 1/. 
-. 

2 
'3'Te 

0 

-
(1 -p2)y. ( 3 5 )  

L e t  us assume t h a t  k3 -f k i  = k3 + i 6 ,  6 << k3. Then the  real p a r t  /79 
of equation (35) produces a r e l a t i o n s h i p  between t h e  phase v e l o c i t y  f3 and 
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t h e  frequency of t h e  propagated wave w: 

and t h e  imaginary p a r t  produces damping: 

Formula (37) can be  considerably s i m p l i f i e d  i n  t h e  case of l a r g e  
(kL a >> 1) and s m a l l  (kL a << 1) l a y e r  thickness .  W e  have excluded 
B2 from equat ion (36),  and s h a l l  s u b s t i t u t e  i t  i n  (37). I n  t h e  case of 
kl a >> 1, w e  o b t a i n  

wwhere k = -. The damping'determined by t h i s  formula coincides  with t h e  
C 

damping found i n  (Ref. 5;6) f o r  a r e f l e c t i o n  c o e f f i c i e n t  of P = 1. I n  
t h e  case of k l  a << 1, w e  have 

1 

It may thus  be seen t h a t  w a v e  damping i s  increased when t h e r e  i s  a 
decrease i n  t h e  plasma l a y e r  thickness .  

Ion-Sound Waves (vTe >> V a  >> vTi)
-

- -

The d i spe r s ion  equat ion (25) may be considerably s i m p l i f i e d ,  i f  w e  
set t h e  speed of l i g h t  c = m. I n  t h i s  case, w e  have 

A A 
W e  s h a l l  employ t h e  following n o t a t i o n :  A" = R e  -,4 A '  = I m  2; 

_I/ 80 
4 3  

Then t h e  real P3 and t h e  imaginary P4 components i n  t h e  sum (25) have 
t h e  following form 
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W e  s h a l l  employ t h e  same procedure i n  computing t h e  sum Pg as for  
computing P 1 , bu t  w e  s h a l l  t ake  t h e  f a c t  i n t o  account t h a t  i n  t h e  case 

of 	-w << 1w e  have 
k3VTe 

( 4 3 )  

W e  ob ta in  
k ,  ctli xu 

( 4 4 )  

where 

Employing t h e  i n t e g r a l s  ( 2 3 ) ,  w e  f i n d  

0:
Since .-l + b  << 1 f o r  any n ,  w e  then have 

Consequently, both e l ec t rons  and ions  make a con t r ibu t ion  t o  t h e  wave 
damping. The ion  component P 4 i  

of t h e  sum PI+ has  t h e  same form as P2 with 

a replacement of t h e  ind ices  e + i: 

I n  computing t h e  e l e c t r o n  component P4e of t h e  sum P,, and i n  computing /81 
%

Pki, w e  s h a l l  set A I v 2  >> A I 2 .  W e  then have 


Thus, t he  d i spe r s ion  equat ion (25) has  t h e  following form f o r  ion-
sound waves 

k ,  cth 7a 
-I- i (P4t + P J ~ )  ( 4 9 )-.- -Ei = 1.% 

W e  may thus f i n d  the  expression f o r  t h e  s p a t i a l  damping decrement 
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In a nonconfined plasma, where there is no surface wave, the damping of a 
three-dimensional ion-sound wave is determined by Cherenkov absorption of the 
wave energy by plasma electrons, and the ion contribution to the damping 
is exponentially small. As may be seen from formulas (47) - ( 5 0 ) ,  plasma 
ions also make a great contribution to the damping for a surface ion-sound 
wave. The physics here is the same as for high frequency oscillations 
the Cherenkov absorption of the wave energy by plasma ions is particularly 
significant for the short wave components of Fourier expansion of the 
surface wave. 

Let us study equations (49) and (50) in special, different cases. If 
k3a(l + C)1'2 >> 1, then we obtain from equation (49) 

It can be seen from formula (52) that the ions make a particularly /82 

large contribution to the damping, if -+ -1. If k3a(l + 5)1'2 << 1, 
then 


The following limiting cases are possible: (1) At a large plasma 


electron temperature or a small layer thickness, when - Q,22<< 1 (I � 1  <( I ) ,  
V mthe damping decrement is 


1
(in the case of k3a << 1 the sum included in Pbe approximately equals 7) ;  
(2) For a large plasma layer thickness or an electron temperature which is 

92az 

2not too high when 	 c>> 1 (E"- 11, 

VTC 
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We cannot assume that a -f - here, due to the condition of the initial ex­
pansion. 

A s  may be seen from formulas (52), (55) and (56) , the damping decre­
ments of a surface ion-sound wave are large in different cases. Plasma 
ions make a significant contribution, and sometimes the main contribution, 
to the damping. The wave phase velocity is decreased with a decrease in 
the layer thickness; therefore, the ion contribution to the damping in­
creases, while the electron contribution decreases. 
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K I N E T I C  THEORY OF A SURFACE WAVE I N  A PLASMA WAVE GUIDE 

M. F. Gorbatenko, V. I. Kurilko 

A s  w a s  shown i n  (Ref. l),when a s u r f a c e  wave is  propagated along a 
plane boundary of half-space occupied by a plasma having a temperature 
which is d i f f e r e n t  from zero,  Cherenkov absorpt ion of t h e  wave energy by 
thermal plasma e l e c t r o n s  t a k e s  place.  This l e a d s  t o  damping of t h i s  wave 
even when t h e r e  are no c o l l i s i o n s .  I n  c o n t r a s t  t o  t h e  damping of a longi­
t u d i n a l  wave i n  an unconfined plasma, i n  t h i s  case f o r  s m a l l  thermal 
v e l o c i t i e s  t h e  damping c o e f f i c i e n t  i s  p ropor t iona l  t o  t h e  thermal v e l o c i t y  
of plasma e l ec t rons .  

W e  i n v e s t i g a t e d  t h i s  phenomenon f o r  t h e  case of a plasma wave guide 
produced by a plasma l a y e r  having a f i n i t e  thickness  (21, 1x1 < 1).
Since t h e  e l e c t r o n s  moving a t  a thermal v e l o c i t y  are success ive ly  r e f l e c t e d  
from both w a l l s  of t h e  wave guide,  i t  w a s  no t  known previously t h a t  i n  
t h i s  case t h e  absorpt ion i n v e s t i g a t e d  i n  (Ref. 1 )  w i l l  n o t  decrease con­
s ide rab ly .  

The i n i t i a l  system of equat ions c o n s i s t s  of t h e  k i n e t i c  equat ion f o r  
a high frequency a d d i t i o n  t o  t h e  d i s t r i b u t i o n  func t ion  and of a Maxwell 
equat ion : 

-+ e - +df + uv;f -;Ev;fo = 0 

-. -+ 

rot H = 4a J
+ f,. 1 dE 

+ 
-c 

ro tE  =-- 1 . d H­
c d t- f w - + 

J = - e  1 u f d v  
- w  

It is  assumed t h a t  t h e  equ i l ib r ium d i s t r i b u t i o n  func t ion  is  a Max- /84 
w e l l  d i s t r i b u t i o n :  f ,=-!!+ exp 1- -1 ( the  z axis passes  along t h e  

X V T  

d i r e c t i o n  i n  which a s u r f a c e  wave is  propagated).  

L e t  u s  w r i t e  t h e  s o l u t i o n  f o r  system (1) i n  t h e  following form 
-+ 

f ( x ,  z, t )  = (p ( x )  exp [i (k3z -of)],E (x ,  z,  t )  = 
.+ 

5 E ( x )  exp [i (k3z-w t ) ] .  

W e  t hen  o b t a i n  t h e  following equat ion f o r  t h e  d i s t r i b u t i o n  func t ions  of 
p a r t i c l e s  moving i n  p o s i t i v e  (+) and nega t ive  (-) d i r e c t i o n s  along t h e  
x axis 
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We shall employ the following expression as the boundary conditions for 


the distribution function (I'(x) in the planes x = & 1 of a plasma layer 

'2+ (x = - l )  =pp-(x = -I ) ,  

'p- (x  = I )  =p'p
-I-

( x  = I). 
(0Q p 4 ' 1 )  (3) 

The solution for equation (2) which satisfies the boundary conditions 
has the following form 

I X 

-p (uZEz+ uxEX)exp -p 2  [ (vzEz- ox&) x 
-1 i 

L 

where 


4w2no* = o -k,v,; 02 = -O 
0 m * 

no -- plasma electron density. 

By substituting system ( 4 )  in the expression for the current, and- .  

by substituting the latter in the Maxwell equation, we obtain a system of 
two integro-differential equations for the E, and E, fields. In the 
general case, this system is cumbersome, and it is difficult to obtain an 
analytical solution for it. However, in the case of slight thermal 
scatter (vT -+ 0) ,  a solution may be found for the system. In actuality, 
in this case, as may be readily shown, current corrections due to the 

electron thermal motion decrease with an increase in the distance from 
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t h e  s u r f a c e  of t h e  plasma l a y e r  p ropor t iona l ly  t o  

01 exp [- R'/* I I -q I'/.I ( R  =-, 
vr 

Since t h e r e  are s i g n i f i c a n t  thermal scatter phenomena only i n  a l a y e r  

having a thickness  on t h e  o rde r  of 	3 c l o s e  t o  t h e  plasma su r face ,  they 
w 

may be taken i n t o  account by m e a n s  of e f f e c t i v e  condi t ions which t h e  
f i e l d s  determined according t o  t h e  Maxwell equation f o r  "a cold" plasma 
must s a t i s f y .  

The e f f e c t i v e  boundary condi t ions follow from t h e  M a x w e l l  equat ions,  
i n  which t h e  c u r r e n t s  are expressed by the  f i e l d s  by means of system ( 4 ) .  
For purposes of d e f i n i t i o n ,  l e t  us  i n v e s t i g a t e  a w a v e  i n  which t h e  longi­
t u d i n a l  f i e l d  component is  symmetrical with r e spec t  t o  t h e  plane 
x = 0 [E,,(-x) = E,(x), %(-x) = -Hy,(x)] (Ref. 2 ) .  As would be expected, 

t h e  cu r ren t s  Jx and J, -- according t o  system ( 4 )  -- r e t a i n  the  symmetry 
of t h e  corresponding f i e l d s .  Therefore,  i t  is  s u f f i c i e n t  t o  ob ta in  t h e  
boundary condi t ions f o r  one of t h e  plasma l a y e r  su r faces ;  they w i l l  be  
s a t i s f i e d  on t h e  second s u r f a c e  due t o  the  f i e l d  symmetry. L e t  us f i n d  
t h e  boundary condi t ions which must be s a t i s f i e d  by t h e  t a n g e n t i a l  f i e l d  
components on t h e  x = 1 sur face .  I n t e g r a t i n g  equat ions containing Jx and 
J,, over an i n f i n i t e l y  t h i n  l a y e r  E(= << E << 6 ,  1, where E -- l a y e r  ­186 

w 
thickenss ,  6 -- depth of sk in - l aye r ) ,  w e  o b t a i n  

When the  i n t e g r a l s  i n  equat ions (5) are computed, i t  is  advantageous f i r s t  
t o  perform i n t e g r a t i o n  over n :  

1d$­

m 1 
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where only terms making the  l a r g e s t  cont r ibu t ion  i n  t h e  case of VT -+ 0 

are re ta ined .  Performing i n t e g r a t i o n  over rl '  i n  equat ions ( 6 ) ,  w e  f i n d  

_ -2iR (7) 

* * Since J, and Jz i n  equations (7) are propor t iona l  t o  vT, when the  i n t e g r a l s  
are computed with respec t  t o  5 = ­vx i n  t hese  equat ions,  i t  is s u f f i c i e n t  

VT 
t o  confine oneself  t o  t he  zero-& approximation with respec t  t o  vT ( i . e . ,  t o  
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s t r ive  t o  ze ro  i n  t h e  vT i n t e r v a l s ) .  Taking t h e  f a c t  i n t o  account t h a t  
Imw > 0, w e  f i n a l l y  o b t a i n  

Thus, t h e  e f f e c t i v e  boundary condi t ions taking i n t o  account t h e  ­/ 8 8
thermal motion of plasma e l e c t r o n s  have t h e  following form 

S u b s t i t u t i n g  t h e  s o l u t i o n  of t h e  M a x w e l l  equat ions f o r  a plasma 
>(1111 < 1 )  i n  a vacuum ([TI[1 )  i n  these  boundary condi t ions 

where 

w e  ob ta in  the  d i spe r s ion  equat ion 

I n  t h e  case of 1 + 0 0 ,  t h i s  equation changes i n t o  an equat ion f o r  half-space 
(Ref. 1 ) .  

Thus, i n  t h e  case of a plasma l a y e r  having a f i n i t e  thickness ,  t h e  
s u r f a c e  wave damping i s  p ropor t iona l  t o  vT. However, t h e  wave damping in­
creases with a decrease i n  the  l a y e r  t h i ckness ,  because t h e  wave phase 
v e l o c i t y  decreases:  

kzo =k2 + I 
; k;l2 << 1. 

�31 
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SINGULARITIES OF AN ELECTROMAGNETIC FIELD IN A 
NONUNIFORM, MAGNETOACTIVE PLASMA 

V. V. Dolgopolov 


A s  is well known, in an isotropic, nonuniform transmittant medium there 
is a sharp increase in the electric field strength of an electromagnetic 
wave at the point where the dielectric constant vanishes. This increase is 
caused by plasma resonance. This phenomenon, which has been called "infla­
tion" of the field has been studied in several articles. It is pointed 
out in (Ref. 1) that the "inflation" must occur in a magnetoactive medium 
at the point where the refractive index for the wave becomes infinite. The 
phenomenon of field "inflation" for normal wave incidence on the layer was 
studied in (Ref. 2) for the case when a constant magnetic field was parallel 
t o  the plasma boundary. 

This article investigates the behavior of the electric field of an 

inflated" wave close to the "inflation" point in a magnetoactive plasma 
for the case of an arbitrary angle between the direction of the constant 
magnetic field and the normal to the plasma layer surface, and for the case 
of oblique wave incidence on the layer. A solution is found over a wider 
region for certain special cases for a wavelength which is a little less 
than the distance at which the layer parameters change significantly. 

We shall assume that the parameters of the plasma magnetoactive layer 
change along the x axis, and the vector of the constant magnetic field lies 
in the xOz plane, forming the angle E with the z axis. The tensor of the 
dielectric constant Eik can then be written in the following form 

iel cos20 + c3 sin2 0 ic, cos 0 (e3 -
Elk = -iie2cos0 , �1 isz sin 0 

( E ~- E ~ )cos 0 sin Q - ic2 sin 0 sin20 + cos28 
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The quantities �1, �2, will be real, if dissipative processes are not 

taken into account. 


3.4  ma 	 a2EY 0 2  
a ~ gi k ~  -F  E Z ~ E ~ - + (R: - 7 ~ 2 2 ) E , ­

0 2-(kA+ E 2 3 ) E z  =0 ,,. (2) 

aEx oa a2Ez 0 2
ik,  dx - E&x -dx2 - (kykz-I- c 3 2 ) E y  + 

0 2  

The following inequality is fulfilled in the vicinity of the "inflation" 

point for an "inflated" field 


+This enables us to represent the field E in this region in the form of a 

series 


- 4 4 

E =E(O)+ E(' )+ ..., 

where 


We shall always select the origin along the x axis, so that x = 0 at the 
inflation point. We obtain the following from the two lower equations
of system (2) 

where CY and C, are the integration constants. 
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Substituting the expressions obtained in the first equation (which 
is differentiated with respect to x) of system (2) (we shall disregard 
components containing a c 1 2  and ) and taking into account (1), we /91a i  ax 
can write the equation for E('):

X 


It can be seen from this equation that "inflation" can only occur where 
~~1 vanishes. In the given approximation, it must be assumed that � 1 3  

is constant, and is limited to the linear component in Taylor expansion 
for �11. Then the equation for E(O) assumes the following form

X 

where 


We can write the solution of equation ( 4 )  in the form of a sum of  
particular solution and the general solution of the corresponding homo­
geneous equation. The particular solution is a constant quantity, and is of 
no interest. The general solution of the homogeneous equation for the 
field Ex close to the "inflation" point yields the following expression 

E -A -io In ( k x )  (5)x - - e  
X I 

where A is a quantity which is constant with respect to x; 

If 0 f 0,we have 

where C 1  and C2 are integration constants. 

In the case of CJ = 0, we have 

E, = ik,A In (kx ) ;  E, = ik,A In (kx) .  
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Thus, i f  k, = 0 o r  = 0, t h e  n a t u r e  of t h e  f i e l d  " in f l a t ion"  E 

i s  t h e  same as i n  an i s o t r o p i c  medium. 

I f  k, .f 0 and f 0, t h e  c l o s e r  t h e  " i n f l a t i o n "  p o i n t ,  t h e  more 
-f

i n t e n s e l y  does t h e  f i e l d  E o s c i l l a t e  on both s i d e s  of it. Thus, t h e  

amplitude of t h e  f i e l d  component Ex increases as -1 and t h e  amplitudes /92
X' 

of t h e  components E
Y 

and E, remain f i n i t e .  It can be  seen from equat ion 

(3) t h a t  i f  a = 0,  a t  t h e  po in t  where �11 = 0 " i n f l a t i o n "  does n o t  
a x  

occur i n  t h e  case of kzE13f 0. 

L e t  us i n v e s t i g a t e  t h e  case when t h e  medium parameters change slowly 
and t h e  method of geometric o p t i c s  may be employed when so lv ing  t h e  system 
of equat ions (2) o u t s i d e  of t h e  v i c i n i t y  of t h e  " in f l a t ion"  p o i n t  

S u b s t i t u t i n g  expression (6) i n  t h e  system (2), w e  o b t a i n  t h e  following 
equat ion of t h e  f o u r t h  power f o r  ~ ( x )  

Ell%4 + 2 k t E 1 3 X 3  fc( ( X )  X 2  + p ( X )  X + 7 ( X )  = 0. (7) 

W e  s h a l l  no t  g ive  t h e  expressions f o r  t h e  c o e f f i c i e n t s  a, B ,  y ,  due t o  
t h e i r  cumbersome na tu re .  

I f  k, and � 1 3  are d i f f e r e n t  from zero,  w e  have t h e  following from 
equat ion ( 7 )  f o r  t h e  wave vec to r  component ~ ( x )of an " in f l a t ed"  wave 
c l o s e  t o  t h e  " i n f l a t i o n "  p o i n t  

This r e s u l t  coincides  wi th  formula (5).  The wave o s c i l l a t e s  i n  space on 
both s i d e s  of t h e  " in f l a t ion1 '  po in t .  

1. I f  t h e  magnetic f i e l d  i s  p a r a l l e l  t o  t h e  plasma l a y e r  s u r f a c e  
(E = 0 ) ,  and B(X) vanish and equat ion (7)  becomes a b iquadra t i c  equa­

t i o n .  W e  than have 
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Taking into account the components of subsequent order in the expansion 
a xwith respect to the small parameter--/x2 in the system of equations (2),ax 

-h 
we obtain the expression for the vector components A ( x ) :  

If we may disregard dissipation, in the region where x is real, Y and Z 
are real, and the exponential factors in equations (9) characterize only 
the wave phase. 

A s  may be seen from (8), when �1 strives to zero (in the case of 
B = 0 �11 = �1) one value of x2 goes to a finite limit and the other be­
comes infinite as 1: 


�1 


In the case of x2 = x21, the solutions of (9) are valid for the point 
where �1 = 0. They are not "inflated". The remaining two solutions of 
system (2) for the vicinity of the point where �1 = 0 cannot be represented 
in the form of formula (9). When trying to determine them; one may assume 
that � 2  and � 3  are constant, and for �1 one may restrict oneself to the 
linear components in the Taylor expansion: 


El = E,X. 

After several cumbersome computations, we obtained the following 
equation from the system of equations (2) for the field component E, 
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d3Ex - - 

-- 

a 4Ex 0 2  

1 
-a; + kZE3) a;>a'x-ax* + 4a'1 ax? (cw;" -+ ( - p 3  - R2) (+ azE, + 

Disregarding the last two components, we may write 


d2u 4 du 1-+ - . ---,-ppu,=o,
dx2 . x dx x 

where 


If we substitute u(x) = S-3v(<), x = E 2 ,  equation (10) becomes a Bessel 
equation 

and, employing the recurrent formulas for the Bessel function, we obtain 


where A and B are the integration constants; 11(2-) and K1<26) 
the McDonald and Bessel functions. In the region under consideration, 

-t
the components of the field E are related by the following relationships 

which enable us to determine EY and E,: 

Taking the asymptotic form of the Bessel function and requiring that ex­

pressions (11) and (12) change into expression ( 6 )  for large values of 1x1, 
we may find the relationship between the coefficients A and B and the co­
efficients C included in (9). In the case of p > 0, the coefficients C 
are related to A and B in the following way to the right of the "inflation" 
point ( X  is imaginary in this case): 
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where C = C+ i n  t h e  case of x imaginary negat ive ;  C = C- i n  t h e  case of 
x imaginary p o s i t i v e .  

2. I f  t h e  magnetic f i e l d  is  perpendicular  t o  t h e  l a y e r  sur fake  I 9 5  

(E = 2 ) , t h e  system of equat ions (2) may be  reduced t o  a system of two 

second order  equat ions 

where 

Outside of t h e  v i c i n i t y  of t h e  " in f l a t ion"  p o i n t ,  and represent ing  Q 
and $ s i m i l a r l y  t o  (6) i n  t h e  following form, w e  have: 

X 

'P. (r) = 4,+ W e  f xds. 
We ob ta in  t h e  fol lowing from t h e  system of equat ions (13) i n  t h e  approxi­
mation of geometric o p t i c s  

~­

x 2 =  0 2-%-- ( I  K 2  +;) . & V W - i 2 ) ;C2 2 w 2  

,aA, = i E 2 C Q 1 f a ;  A+ =pCQ1/z,  
c 


where 

86 




C is an integration constant corresponding to one of the four 
functions ~(x). 

As may be seen from (14), close to the point � 3  = 0 (in the case of 
- 7 r 

" = -2 � 1 1  = � 3 )  one solution for x2 is finite, and the other solution has 
-

the following form 


x a c - k z 3 .  
�3 


In the first case, solutions of (14) are valid at the point � 3  = 0. 
They correspond to a %on-inflated" wave. In the solution of system (13), /96 
we shall assume that �1 and �2 are constant, and we shall expand � 3  in 
Taylor series in the vicinity of the point � 3  = 0, and shall confine our­
selves to the linear component 


EJ = E3X. 

We may find the following from the first equation of system (13) 


Substituting this expression in the second equation of system (13), 
disregarding the small components, and making the substitution v = 

Idx2 , we obtain 

where 

k2E1p = - -

E'  ' 
3 

When 5 = 2 G is used as the independent variable, this equation 
is reduced to a Bessel equation 

- + T ' z + v = o .d20 1 dv 
dE2 

Utilizing (15), we find the following from the latter equation 


where C1, C2 are the integration constants; H ( i )  (51, H(5)  (5) -- Hankel 
functions. 
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As may be seen from (15), close to the "inflation" point E ~ $ I<< 
<< -- i.e., the contribution from (I to the expression for the fields 
in this region is negligibly small. If we make the stipulation that (16) 
change into an expression like (14) (outside of the vicinity of the "in­
flation" poinq, we may find the relationship between the constants C2, C2 
in (16) and the constants C in formula (14). 


Just as in the case of an isotropic layer, the presence of "inflation" 
points in a magnetoactive, Iionuniform, transmittant medium leads to the 
fact that the thermal radiation intensity of this medium is on the order /97
of the radiation intensity of an absolute black body, if the wavelength 
being studied is comparable to the distance from the "inflation" point 
to the layer boundary. When an electromagnetic wave, whose length is 
comparable to the plasma layer thickness, falls on this layer, the amount 
of energy absorbed by the 8lasma in the vicinity of the "inflation" point 
per unit of time (per 1 cm of layer surface) is 

CS - - E E 2 ,
4% 

where E is the electric field amplitude in a vacuum. 


However, (17) is valid until the phenomena caused by the oscillation 

nonlinearity and spatial dispersion in the vicinity of the "inflation" 

point exceed the phenomena caused by particle collisions ir,this 

region, i.e., 


-P
where v is the electron velocity caused by the wave field; v -- the effec­

wtive frequency of electron collisions with ions; K 2 - 0 - R 
1 -- effective v 

wave vector in the vicinity of the "inflation point; R -- layer thickness; 
m -- electron mass; T - temperature. This leads to a limitation for the 
field E and the temperature T, which can be fulfilled by (17): 


where HO -- the constant magnetic field strength; L -- Coulomb logarithm; 
no -- electron density in the plasma; e -- electron charge. The maximum 
energy obtained by a charged particle per unit of time is 


v e l H i  
W-- 1Ow", 
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In the case of no = 1015~ m - ~ ,T = 1O6'K, HO = 105G, w % 5*1010 
sec-1, w % 100 ev/sec, E 1 v/cm. 

Thus, it is not advantageous to employ "inflated" fields for plasma 

heating. 
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EXCITATION OF A MAGNETOHYDRODYNAMIC WAVE 

GUIDE IN A COAXIAL LINE 


S. S. Kalmykova, V. I. Kurilko 


As is known (Ref. l), magnetohydrodynamic waves have low frequencies 


(W << RH ,$, 1.5010~	- with respect to A,,,, >> lo2 cm). At these fre­sec' 
quencies, a coaxial line represents the most reasonable method for trans­
mitting energy from an oscillator to a wave guide. Therefore, the problem 
of excitation of an axially symmetrical E-wave in a magnetohydrodynamic 
wave guide by a TEM wave of a coaxial line is of great interest. If the 
plasma temperature may be disregarded, and its conductivity is great enough, 
under these conditions, the plasma may be characterized by the dielectric 
constant tensor without spatial dispersion. The problem under considera­
tion is then a special case of the problem regarding the matching between 
an anisotropic dielectric wave guide and a coaxial line. Equations for 
determining the stray field were obtained in (Ref. 2, 3 ) :  

I ­

1 2 rt') 2, (t ')  dt' # 1 -= 
t"- t '+ m-j[ Z ( t ' ) + Z , ( t ' ) ] ( t ' - t )  s [Z,(t") Z,(t') I 'P(t")*" (1)

-ca 

k 2, (t ')  Z (t ')  dt' 
e I m k > O .  
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The diffracted magnetic field in the space between the wave guide 

(radius a) and the casing (radius b) is expressed by means of the in­

determinate function $(t) :$+(t) - $'(t) 5 $+(t) - $+(-t) (the indices /99 
(+) designate the analyticity in the upper or the lower half plane of 
the complex variable t) : 

where 


If the plasma density is large (wia2 >> c2), equation (1) can be 
solved according to the iteration method. 


The reflection coefficient of a coaxial wave in the first approxima­

6tion, as a function of the parameter 

a In(b/a)' is 
2 

-212In 
8 
(b/a)[1 - - ( E 1  - I)'/.], E l  - 1 << 1;3 

( 4 )
R = - 8 

3E,a In (bin)9 El 

When the amplitude of three-dimensional waves excited in a magnetohydrodynamic 
wave guide is computed, a distinction must be drawn between the four regions 
of the plasma parameters and the wave parameters. The magpetic field 
amplitudes have the following values corresponding to these regions (the 
amplitude of the coaxial wave equals unity): 
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T, = 2 
a;cl In @ / a )' 

Thus, the effective excitation of magnetohydrodynamic waves by a 
coaxial line is only observed for strong magnetic fields (EL - 1 << 1). 

Harmonics with large numbers corresponding to the limiting case An2 >> 

>> a2/62 are always only slightly excited. 
main portion of the coaxial wave power is dispersed into excitation of 

For weak magnetic fields, the 


the surface plasma wave. 
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THEORY OF MAGNETOHYDRODYNAMIC WAVE SCATTERING 

AT THE END OF A WAVE GUIDE 


V. I. Kurilko 


The study of magnetohydrodynamic waves is of great interest in 

solving several problems of plasma physics, such as controlled thermo­

nuclear synthesis, magnetohydrodynamic oscillators, etc. (Ref. 1). A 

great many articles have been recently published which investigated the 
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propagation of magnetohydrodynamic waves in uniform, unconfined magneto-

hydrodynamic wave guides. However, practically every wave guide is con­

fined. Therefore, it becomes necessary to investigate the phenomena re- /lo1

lated to the scattering of magnetohydrodynamic waves at the end of a 

wave guide (for example, reflection of one of the eigen waves of such a 

wave guide, and its transformation into other waves). In addition, the 

theory of electromagnetic wave scattering includes the excitation of a 

confined wave guide. 


This article investigates these phenomena for a semi-infinite 
plasma wave guide. In the general case, this problem may be reduced to 
a system of two coupled integral equations or (in the presence of an 
infinite casing) to two infinite, coupled systems of algebraic equations, 
whose solution may only be found by numerical methods. Therefore, let 
us investigate the case when the end of the wave guide is covered by a 
conducting diaphragm. As will be shown below, the problem of determining 
the Fourier component of Ow scattered field may be reduced to an integral 
Fredholm equation of the second type, whose solution may be obtained by 
a numerical method, and when there is a small parameter -- in analytical 
form. 

We shall assume that the plasma conductivity is infinite, and its 
temperature equals zero. In this case, the electrodynamic properties 
of the plasmawave guide, as is known, may be characterized by the di­

2 

4ae2n eH0electric constants �1= 1 + 5 E l i  = 1 - 5 ( u ~= -m Y %=-,mc 

~HQH’ u2 

, which only depend on frequency. Since the frequency is 
Mc 

fixed in our problem, the plasma wave guide may be regarded as a special 

case of an anisotropic dielectric wave guide. Therefore, let us first 

investigate the more general problem of electromagnetic wave scattering 

by the jump in the dielectric constants of an anisotropic dielectric wave 

guide, whose uniform sections are separated by the conducting diaphragm. 

The plasma wave guide parameters may be employed to find the analytical 

solutions of the general equation obtained. 


Thus, let us’investigatean anisotropic dielectric wave guide 
(r < a, -m < z < +)with a piecewise-uniform tensor dielectric constant 

A 

E(Z > 0, o’< f <a) = (E(;), �?I); 
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L e t  us assume t h a t  t h e  uniform sec t ions  of t h e  wave guide are / lo2
separated by an i d e a l l y  conducting diaphragm ( z  = 0, 0 < r < a), and 
t h a t  t h e  conducting casing is no t  confined and is loca ted  a t  t h e  d i s t ance  
r = b from t h e  wave guide axis. L e t  us assume t h a t  one of t h e  eigen,  
a x i a l l y  symmetrical E-waves of t h i s  wave guide,  which is charac te r ized  
by t h e  wave number &, f a l l s  on t h e  nonuniform s e c t i o n  from t h e  r i g h t  
wave guide. L e t  us determine t h e  amplitudes f o r  t h e  eigen waves of 
both wave guides which are exc i ted  due t o  s c a t t e r i n g  of t h i s  wave. W e  
may write t h e  s o l u t i o n  f o r  t h e  f i e l d s  i n  t h e  fol lowing form 

. '  +-
H; = 1H ( t ) ' A ,  ( f )e W f  + exp ( A i h m Z )  I 

I, = a  + Os
- 0 0  

0
ZJ ( f )  = ( f 2  - &')'/z; k =-, Im w > 0;

C 

where 

A,  = 1; A2 =o. 

The f i e l d s  thus s e l e c t e d  s a t i s f y  t h e  Maxwell equation. W e  can de te r ­
mine t h e  remaining, unknown Fourier  amplitudes H, hs of t h e  des i r ed  f i e l d s  
from t h e  boundary condi t ions  on t h e  lateral  su r faces  of t h e  wave guide / l o 3  
and on the  conducting diaphragm. The boundary condi t ions  on t h e  wave 
guide -- vacuum su r face  have the  following form 
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Subs t i t u t ing  (1) and (2) i n  t h e  boundary condi t ions  (3) and employing 
t h e  r e s u l t s  der ived i n  (Ref. 2) ,  w e  may express  t h e  unknown funct ions 
H and hs by t h e  boundary va lues  on the  contour I m  t = 0 of t he  func t ions  
which are a n a l y t i c a l  i n  t h e  upper (+) and t h e  lower (-) half-planes of 
t h e  complex v a r i a b l e  t : 

The la t te r  equat ion (4) r ep resen t s  a boundary problem f o r  determining 
t h e  unknown funct ions  @+,++, 5- and x-. The r e l a t i o n s h i p s  lacking between 
these  func t ions  may be determined from t h e  boundary condi t ions on t h e  con­
duct ing diaphragm 

E; ( Z  =0; 0 <r <U )  =0. (5) 

Subs t i t u t ing  E: i n  t h e  boundary condi t ions (5), w e  ob ta in  

W e  ob ta in  the  fol lowing by means of t he  l a t t e r  equat ion and t h e  Sommerfeld 
condi t ion f o r  t h e  f i n i t e n e s s  of t h e  magnetic f i e l d  and i n t e g r a b i l i t y  of 
t h e  e l e c t r i c  f i e l d  c l o s e  t o  t h e  diaphragm edge: 

x r  ( t ),=- 'Pf (-4); E, ( t )=-$f (4), (7) 

where / l o 4  
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Im h, >0. 

(Equations ( 6 )  are only necessary for fulfilling the boundary conditions 
(5). We shall assume that these equations are sufficient, although this 
may only be proven for a rectangular wedge [Ref. 31) .  

Thus, the boundary problem for determining the function assumes the 

following form 


A .. 
This type of boundary problem for one special case (�1 E 1, � 2  -+ m) 

was first studied in (Ref. 4 ) .  It was shown that in the presence of a 
casing, when the coefficients have singularities of only the pole type, 
it can be reduced to an infinite system of algebraic equations. However, 
by employing the formulas of Sokhotskiy -- Plemel', it is more advantageous 
to reduce the problem (8) to an integral equation. By combining and sub­
tracting equation (8) with its mirror image at the point t = 0,we obtain 
(Ref. 5) 

+- 2 

-0. s- I - w  

2 

S== I 

The index of the latter equation equals zero (Ref. 5). Therefore, it is /lo5 

is equivalent to one integral Fredholm equation of the second type for 

Jll(t) = l4-h)- Q-t) : 
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+- 2 +­
2 (t') dt  Zs(t ' )  1 $1 (t7 dt*

$1 (0+ 1 5 - 7 2E D m J [ &  -47= 
-0. s= I - 0  

+- (10) 

dt' 
=$ f t _ , f ( f ' ) .  &, 

- O D  

According t o  t h e  genera l  theory of s ingu la r  equat ions wi th  a ke rne l  
of t h e  Cauchy type (Ref. 51, t h e  s o l u t i o n  of (9) which vanishes  i n  t h e  
case of t + 00 exists and is real. Due t o  t h e  equivalence between (9) and 
( l o ) ,  t h e  same holds  f o r  t h e  s o l u t i o n  of equat ion (10). It can be solved 
numerically i n  t h e  genera l  case, and i n  t h e  presence of parameters -- i t  
can be solved a n a l y t i c a l l y ,  even i f  t h e r e  is  no casing (b + 00) and t h e  
c o e f f i c i e n t s  i n  equat ion ( 8 )  have s i n g u l a r i t i e s  of t h e  po in t  branching 
type 

I n  t h e  case of t he  magnetohydrodynamic wave guide,  which we  are in­
v e s t i g a t i n g ,  t h e  r a t i o  between the  wave guide r ad ius  and t h e  wave length  
i n  a vacuum serves as one of t h e  l a r g e  parameters.  Even f o r  HO % l o 4  gauss,  

C
A0 5 -% l o 2  cm. Therefore,  i n  t he  case of a & 5 c m  t h e  r a t i o  a/X ( A

QH 
wavelength i n  a vacuum) cannot exceed (with allowance f o r  t h e  require­
ment t h a t  X >> Ao), so  t h a t  even I n  (A/a) i s  l a r g e  ( I n  (A/a) 2 4). I n  
add i t ion ,  i n  a s i g n i f i c a n t  number of important cases t h e  l i n e a r  plasma. 

6 Cdens i ty  ,a2 is g r e a t ,  s o  t h a t  t h e  r a t i o  - = -is  s m a l l .  a q a  

Assuming t h a t  t h e  inequa l i ty  6 << a << X i s  f u l f i l l e d ,  w e  can s i g n i f i ­
can t ly  s impl i fy  equat ion (10).  Disregarding terms on t h e  order  of / lo6  
(G/a)In(A/a), (f) 21n(X/a) and tak ing  t h e  f a c t  i n t o  account t h a t  E 2̂ E 1, 

. .  
w e  ob ta in  

I +-+ (t') dt' 2 ( t ) T  $J (t') dt' 
t )  
_--.-­s {-- j C T  txi - - 2 (1') ( t ' - (10') 

- O D  -0. 

( the  index *:1 B f o r  9 is omitted from t h i s  po in t  on). Equation ( l o ' ) ,  as 
may be r e a d i l y  seen ,  i s  equiva len t  t o  t h e  s c a l a r  boundary problem 

The s o l u t i o n  of (11) has  t h e  following form 
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ih,t(t') 2: ](t'- k)'ll 
2"*+(f) =~ 

( I  +k)"X 
X+(f)J& - 0 (t'* -h k )  

[ 
+W) x+ (t') ' 

c 

where 


x+ (f) -	KO 1 
K1 (VQ) 

x- (t);  x+ (f) = x--(-t) ' 
and the singularity at the point t' = t passes around the contour C from 
below.. 

Within an accuracy of a term on the order of 

have 


where y is the Euler constant, and in the case of In -x >> 1 we have a 

Expansion in powers of IIn $1 -1 
is usually employed in antenna 

theory (Ref. 6 ) ,  and numerical integration may be employed to determine 

expression (12') for F(t)
which are not too small. 

In the same approximation ( 6  << a << A ) ,  the boundary problem for de­
termining the function $+(t) has the following form 

The integral in the solution of (12) may be readily computed by closing

the integration contour in the lower halfplane in the first term, and 

in the upper halfplane in the second term, 6y the complex variable /lo7 

t. 	 The integral in the solution of (13) may be computed similarly for 

$+(t). Substituting the expressions thus obtained for $+(t) and ++(t) into 
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the formula for the amplitude of the Fourier-field in a vacuum 


by means of (1) we may find the expression for the amplitude for a wave 
with the number 1, which is excited in a wave guide (z > 0) during the 
scattering of a wave with the number m: 

The latter expression may be significantly simplified in the most in­

teresting cases of small and large retardations nk,m. It thus appears that 


the sum in the parentheses.in (15) is represented in the form of a power 
series of the logarithms for the ratios A/a and A/6. Retaining the old 
terms in this series, we obtain 

11 
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I 

It can be seen from these formulas that the coefficients of the inter-trans­

formation of the magnetohydrodynamic waves Rim decrease with an increase 


in the wave number and a decrease in the magnetic field strength. If the 
plasma wave guide is surrounded by a conducting casing r = b, -m < z < +m, 
it is impossible to study magnetohydrodynamic waves in the case of X >> b, 
and only the transformation of one oscillation into another occurs at the 
end of the wave guide. The transformation coefficients for this case may 
determined by substituting X+ (t) from the solution of the corresponding 

problem X + (t) = [..I$] X - (t) and the wave numbers hgYm from the 

solution of the disgersion equation, in expression(l5). 


D,(hi);=2: -
i ( h ;  - k ' )  a 

In-b 
(I 

=0,k 
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DETERMINATION OF PLASMA TEMPERATURE AND DENSITY 
DISTRIBUTION BY REFRACTION AND DAMPING OF A BEAM 

V. L. Sizonenko, K. N. Stepanov 
*. 

Let us investigate the passage of a beam through a nonuniform plasma. 

We shall show that, by changing the angle of incidence or the frequency of 

the microwave signal, we can determine the plasma density distribution 

by the beam refraction, and can determine the plasma electron temperature 

distribution by the damping of the wave energy along the beam. 


In order to determine the beam trajectory in a plasma, let us employ 

the Fermi principle 


a 


3
where k is the wave vector; ds -- an element of length along the beam tra­
jectory. In an isotropic plasma, we have 

(2) 
-t

where w is the wave frequency; wo(r) = d e  -- plasma Langmuir fre­
-+ 

quency; n(r) -- plasma electron density. Modulation is performed in 
formula (1) for fixed ends (&xila = 6xi(b =O. Taking the fact into account 

that ds = 4 gikdxidxk, from expression (I), with allowance for (2), we may 
-t

obtain the equation which determines the beam trajectory for given wo(r) 1110 
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By employing equat ion ( 3 ) ,  l e t  us  i n v e s t i g a t e  t h e  inve r se  problem: 
Let  u s  f i n d  w o (;) , i .e. ,  t h e  plasma d e n s i t y  d i s t r i b u t i o n  based on t h e  beam 
r e f r a c t i o n ,  as a func t ion  of t h e  ang le  of incidence f o r  a f i x e d  frequency, 
o r  as a func t ion  of t h e  frequency f o r  a f i x e d  angle  of incidence.  

Planar  Problem 

I f  t h e  d e n s i t y  of a plasma f i l l i n g  t h e  ha l f space  x > 0 depends only 
on one coordinate  x, and i t  inc reases  monotonically wi th  an inc rease  i n  x, 
then t h e  beam t r a j e c t o r y  j.n t h e  case under cons ide ra t ion  i s  f l a t  (Figure 1). 
Equation (3)  may be w r i t t e n  as fol lows 

I n t e g r a t i n g  equat ion ( 4 ) ,  w e  o b t a i n  

where a = w s i n  J I ,  JI i s  t h e  angle  of incidence.  

The p o s i t i o n  of t h e  p o i n t  a t  which t h e  beam leaves t h e  plasma z = R 
can be determined from t h e  plasma d e n s i t y  d i s t r i b u t i o n ;  i t  depends on t h e  
angle  of incidence and frequency. I f  t h e  dependence a ( $ )  is  known from 
experiments, w e  may o b t a i n  t h e  d e n s i t y  d i s t r i b u t i o n  n(x)  i n  t h e  case of 
x < x*, where w,-,(x*) = w ( t h i s  problem i s  s i m i l a r  t o  t h e  problem of de t e r ­
mining t h e  p o t e n t i a l  energy by t h e  s p e c i f i c  dependence of t h e  o s c i l l a t i o n  
per iod on energy [Ref. 11). I n  a c t u a l i t y ,  i t  fol lows from equat ion (5) 
t h a t  

W e  t hus  have 1111 
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where x = xo is  the r o t a t i o n  p o i n t  of the beam, determined from t h e  
following condi t ion 

2 
W O  

Introducing a new v a r i a b l e  u = - i n s t e a d  of x ,  from formula (7) w e  
.2 

o b t a i n  

It thus follows t h a t  

2 
w0 

Assuming t h a t  y = -, w e  f i n a l l y  f i n d  t h a t  
w2 

Equation (9) determines t h e  func t ion  ~ ( w o ) ,  i .e . ,  t h e  dependence of d e n s i t y  
on the  coordinate  i n  i m p l i c i t  form, according t o  t h e  s p e c i f i c  dependence 
R($). We may employ t h i s  equat ion i n  t h e  case of a c y l i n d r i c a l  plasma, 
when t h e  plasma is  probed by a beam i n  t h e  p l ane  Q = const  passing through /112 
t h e  cy l inde r  a x i s .  Thus, wo = w g ( r )  and x = r = R,  where R is  t h e  plasma 
r a d i u s  (wo(R) = 0) .  By performing s i m i l a r  measurements f o r  d i f f e r e n t  
values  of t h e  aximuthal angle  Q, w e  may o b t a i n  t h e  dens i ty  d i s t r i b u t i o n  
i n  t h e  case when dens i ty  depends on t h e  angle  Q (but does no t  depend.on 2). 

The plasma d e n s i t y  d i s t r i b u t i o n  may a l s o  be determined by probing t h e  
plasma with microwave s i g n a l s  having a d i f f e r e n t  frequency. For a given 
angle  of incidence,  t h e  p o s i t i o n  of t h e  exi t  p o i n t  of t h e  beam z = J1 de­
pends on t h e  frequency w. Knowing t h e  func t ion  a ( w )  from experiment, we 
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Figure 1 


may readily determine the function w0 (x) according to equation (7) .  It 
follows from equation (7) that 

w0 
Assuming that y= - we obtain the expression determining the dependencecos$’ 

og(x) in implicit form 


We may also obtain formula (11) from the expression given in (Ref. 3)
[see also (Ref. 4 ) ]  for the real layer height x(wg) according to the specific 
effective height xg(w) for the case of normal wave incidence on the layer, 


with allowance for the following relationship (Ref. 4 )  

l (+)= 2tg $xg(w cos 9). 

Cylindrical Problem 


If the beam passes through a plasma cylinder in a plane which is per­
pendicular to the cylinder axis (Figure 2), equation (3) may be represented 
in the following form 
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Figure 2 

The plasma d e n s i t y  d i s t r i b u t i o n  n ( r )  may be  found from t h e  s p e c i f i c  
experimental dependence of t h e  angle  a t  which t h e  beam leaves t h e  plasma 
$ 0  on t h e  angle  of incidence + * ( t h i s  problem i s  s i m i l a r  t o  t h e  problem 
of determining t h e  p o t e n t i a l  energy from t h e  s p e c i f i c  dependence I113 
of t h e  s c a t t e r i n g  c r o s s  s e c t i o n  on t h e  s c a t t e r i n g  angle  (Ref. 1, 2) .  I n t e ­
g r a t i n g  equation (12), w e  o b t a i n  

It thus follows t h a t  

where r = ro i s  t h e  r o t a t i o n  p o i n t  of a beam which is determined from t h e  
following condi t ion 

Assuming t h a t  

.. . .~ . 

* This problem w a s  solved i n  (Ref. 5). 
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we can write equation (14) in the following form 


from which we find that 


Assuming that u = r2 =(1 -2);2s we may find the dependence r = r(w0) :- -

Formula (16) determines the function r = r(wo), i.e., the distribution /114 
of density over the radius in implicit form, according to the specific 
dependence of the beam exit angle on the angle of incidence. 

Performing measurements in different planes z 
obtain the density distribution along the cylinder 
axial symmetry. For a fixed angle of incidence J I ,  
the beam exit angle $10 as a function of frequency. 
function $Io(u) enables us to determine the density 
assume 

E = arc sin (: sin 9 )  . 

Equation (14) may then be written as 


= const, we may thus 
axis in the case of 
equation (15) determines 
A knowledge of the 

distribution. We thus 
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We thus find 


Since C(0)  5 5(,=, = J I ,  assuming that y = R ,  we can write 

9 


0 

We thus obtain the expression determining the dependence R(r> in implicit

form 

R s i n +r =  . 

Temperature Determination from Beam Damping 


Due to collisions, the energy of a beam leaving the plasma is 
eT times less than the incident energy, where t = 1 x ds is the 
optical plasma thickness; x -- damping coefficient. If the wave fre- /115 
quency is considerably greater than the frequency of collisions of elec­
trons with ions and neutral particles v(r), we then have 

Knowing X(r), we may find the plasma temperature distribution from the 


specific dependence of v on temperature. 

The damping T depends on the angle of incidence $. We may find'thede­
pendence of the damping coefficient on the radius from the quantity T($), 
which is measured experimentally,and from the specific density distribution. 

Let us first investigate the planar problem (in the case of a cylin­
drical plasma, the beam trajectories lie in the plane @ = const). For 
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T($), we may write the following expression 


dzSubstituting - from formula ( 5 )  in this, we obtaindx 

Let us introduce the function f (u)  according to the equation 

dn 

We then have 


Solving this equation and equation ( 8 ) ,  we find 

2 
*O 

,2,Assuming that X = - we obtain /116 

In explicit form, t h i s  formula determines the dependence of the damping
coefficient on coordinate x. 

If the beam trajectories lie in the z = const plane, we then have 
R 
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Substituting the value of 2 from formula (13), we obtain 

R 

Assuming that 


we may write equation (23) in the following form 


du 
du%($)= 2  

v u  -sin2 +. 
sin' 9 

Solving it in the same way as equation (19), we find 


Assuming that y = u(r), we obtain the following expression 1117 

Expression (25) determines the dependence of the damping coefficient 
coefficient on the radius according to the specific dependence of T on $. 
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SECTION I11 


PLASMA NONLINEAR OSCILLATIONS AND WAVE INTERACTION I118 

EXCHANGE OF ENERGY BETWEEN HIGH FREQUENCY AND LOW FREQUENCY 
OSCILLATIONS IN A PLASMA 

V. D. Fedorchenko, V. I. Muratov, B. N. Rutkevich 


Oscillations with frequencies v on the order of 100 kc (Ref. l), 
as well as oscillations at the electron plasma frequency (woe % 50 Mc), 
occur in a plasma produced by an electron bundle in a longitudinalmagnetic 

field at a pressure of - mm Hg. It has been found that there 
is a relationship between the low frequency and high frequency oscillations 
(Ref. 1 - 3 ) .  High frequency oscillations cause an increase in the low 
frequency oscillation amplitude. On the other hand, they undergo ampli­
tude modulation at a low frequency,which leads to the occurrence of com­
bined frequencies w & v. The amplitudes of oscillations having the fre­
quencies w + v and w - v are not the same, which -- just as with the 
Landsberg-Mandel'shten-Raman effect -- can indicate the direction and 
effectiveness of energy transfer from oscillations of one frequency to 
oscillations of another frequency. 

A s  has been shown previously (Ref. l), low frequency oscillations /119 
represent ion motion (which is transverse with respect to the bundle) in 
the field of the space charge of electrons contained by a magnetic field. 
The frequency of these oscillations may be readily computed from the 
following simple model. Let us assume that electrons and ions fill one 
and the same cylindrical region in the equilibrium state. The simultaneous 
shift of all ions by the quantity Zi, and of electrons by the quantity Ze, 
leads to polarization, which can be determined as follows in the case of 

a small shift 


+ ne ' ' E 	= - - ( r i  - re)9 
' Eo (1) 

where n is the plasma density. 


We can write the following expression for electrons and ions 


(2) 
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o r ,  w i th  allowance f o r  (1), 

where 

Disregarding t h e  e l e c t r o n  s h i f t  during o r b i t a l  motion, w e  s h a l l  only 
al low f o r  t h e i r  d r i f t  i n  crossed e lec t r ic  and magnetic f i e l d s ,  and 
we s h a l l  designate  t h e  p o s i t i o n  of t h e  e l e c t r o n  guiding cen te r  by t h e  

-+v e c t o r  re. According t o  expression (5), w e  then have 

/120 

o r  

where 

-- t h e  r a t i o  between t h e  i o n  cyc lo t ron  frequency and t h e  plasma frequency. 

S u b s t i t u t i n g  t h e  expression obtained f o r  ?e i n  formula ( 4 ) ,  w e  o b t a i n  

t i  -5 [ ~ B I
4 

-I-w i t  (1 + SZ;~) rl =0. (12) 

Equation (12) has  a $i% eivt type of s o l u t i o n ,  and t h e  frequency 
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must s a t i s f y  t h e  following equat ion 

Q 2 + Q ~ Q - 1 - Q ; 2 = 0 ,  

i .e.,  

r 

I f  RH >> l.,equat ion (13) has  two roo t s :  

I f  % << 1 Q = + - .  1 
- 'H 

The o s c i l l a t i o n  frequency v decreases  with an inc rease  i n  t h e  magnetic 
f i e l d  s t r e n g t h ,  which coincides  wi th  t h e  s o l u t i o n s  of (16) and (17),  i f  
i t  is  assumed t h a t  t h e  frequency woi depends s l i g h t l y  on t h e  magnetic f i e l d  
s t r eng th .  I f  woi does n o t  depend on B -- i.e., woi is constant  -- i t  may /121 
be  r e a d i l y  determined according t o  any p a i r  of measured v and B, which 
would' then enable us  t o  compile a graph showing t h e  dependence of v on B 
according t o  formula (14). The dependence of i o n  o s c i l l a t i o n  frequency on 
t h e  magnetic f i e l d  s t r e n g t h  i s  shown i n  Figure 1. The curves were re­
corded f o r  d i f f e r e n t  c u r r e n t  values  i n  an e l e c t r o n  bundle (1- I = 10 m a ,  
2 - I = 30 m a ) .  The dashed curves are drawn through t h e  p o i n t s  computed 
according t o  formula (14),  under t h e  assumption t h a t  t h e  plasma dens i ty  
does no t  change when t h e r e  is  a change i n  t h e  magnetic f i e l d  s t r e n g t h .  
The computed p o i n t s  do no t  l i e  on t h e  experimental  curves ( p a r t i c u l a r l y  
i n  the  region of s m a l l  f i e l d s ) ,  which is no doubt r e l a t e d  t o  t h e  v a r i a b i l i t y  
of woi. Nevertheless,  i t  may be s t a t e d  t h a t  t h e  na tu re  of t h e  dependence 

i s  c o r r e c t l y  imparted by our simple model. 

Modulation of high frequency o s c i l l a t i o n s  may be due t o  low frequency 
o s c i l l a t i o n s  of t h e  plasma dens i ty .  L e t  us assume, f o r  example,  t h a t  t h e  

-b 
plasma is  loca ted  i n  an e x t e r n a l  f i e l d  Eeiwt, which is t r ansve r se  with 
r e spec t  t o  t h e  bundle,  and t h e  frequency w i s  so  g r e a t  t h a t  only allowance 
f o r  t h e  e l e c t r o n  component s h i f t  has any meaning. The e x t e r n a l  f i e l d  

%eiwt gives  rise t o  a s h i f t  and t h e  occurrence of a po la r i zed  f i e l d  
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~ .... 

ne + 
% -%,,. The equation for electron motion in these fields may be written 

E'0 
in the following form 


We obtain the following expression for forced electron oscillations 


If it is assumed that the plasma density undergoes oscillations at the fre- /I22 

2 2 quency v << w and the quantity woe has the form uOe(l + a cos vt), while 

a << 1, then expression (19) changes into the sum of the oscillations with 
the principal frequencies (w)  and the combined frequencies (w 5 v) :  

The oscillations have resonance close to the electron cyclotron frequency. 


This model is inadequate for determining oscillation intensity at the 

combined frequencies. 


The experiments were performed on a hollow electron bundle in a longi­
tudinal magnetic field with a strength ranging between 200 - 2000 oersted. 
The bundle length was 50cm; diameter -- 2 cm; energy -- 250 v; and the 
current -- 20 - 40 ma. The bundle was located in a metallic tube having 
a diameter of 9 cm. Pressure in the chamber was several units of mm Hg. 
The interaction between the outer, high frequency field and the low fre­
quency ion oscillations was studied. The interaction was observed in 
three cases: When the frequency of the outer signal (1) did not coincide 
with any of the plasma eigen frequencies, (2) coincided with the electron 
cyclotron frequency, and (3) coincided with the plasma electron frequency. 

In'thenonresonance case, the outer field was transverse with respect 

to the bundle. It was produced between two conductors having a diameter 

of 0.2 cm and a length which was close to the bundle length. The conductors 

were parallel to the bundle axis at a distance of 6.5 cm from each other. 

Figure 2 shows the diagram of the experimental apparatus employed to /123 
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Figure 1 


study the interaction between ion oscillations and the outer electric 
field, whose frequency does not coincide with any of the plasma eigen fre­
quencies (1 -- solenoid; 2 -- electron gun; 3 -- probe; 4 -- hollow elec­
tron bundle; 5 -- collector; 6 -- conductors between which a high fre­
quency field is produced; 7 -- coils connecting the generator and the 
measurement circuit. The resonance curve for the circuit producing the 
high frequency field is shown in the upper right). The capacitor is a 
section of the resonance circuit weakly connected to the GS-23 generator 
and the C4-8 spectrum analyzer. The resonance frequency of the circuit 
was 13.88 Mc. The resonance barely shifted when the bundle was switched 
on. The resonance width was quite large (Q = 50), so that the combined 
frequencies did not go beyond it. The connection between the circuit, the 
generator, and the measurement circuit was selected so that the resonance 
curve was symmetrical. This was important for comparing the intensities 
of combined oscillations with the frequencies w + v and w - v. 

Figure 3 presents typical spectra of oscillations produced when the 

resonance frequency was used (the spectra were obtained under the following
conditions: Pressure p = 3.4010-~mm Hg, electron bundle current I = 30 ma, 
anode voltage U =.250v, effective variable outer field strength v% = 64 v, 
magnetic field strength H: a -- 600 oersted; b -- 780 oersted; c -- 920 
oersted). Lateral frequencies spaced at the frequency of ion oscillations 
may be seen, in addition to the frequency employed. Employing the termin­
ology used in the theory of combined scattering,we shall call the lateral /124 
lines red (w - v),and violet (w + v)  "companions". The relative height 
of the companions (with respect to the carrier height) was 1 - 2%, and it 
increased with an increase in the amplitude of ion oscillations and the 
amplitude of the outer signal. 

The heights of the red and violet companions,generally speaking, 

were different, and this difference depended on the magnetic field 
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Figure 2 


strength. As may be seen from Figure 3, when the magnetic field strength 
was 600 oersteds, the violet companion was higher, and for 920 oersteds 
the red companion was higher. At a field strength of 780 oersteds, the 
companions were the same. In order to explain the difference in the 
heights, we should point out that the increase in the ion oscillation 
amplitude when a high frequency outer signal was employed was always 
greater for large magnetic fields. For small magnetic fields and the 
same intensity of the outer signal, the amplitude increase in ion oscilla­
tions disappeared. Thus, an increase in the magnetic field strength can 
improve the conditions for transferring energy from high frequency oscilla­
tions to ion oscillations. 

Comparing this with the data given in Figure 3, we may arrive at the 

conclusion that there is a relationship between the companion heights and 

the direction of energy transfer. The predominance of the red companion 

corresponds to the transfer of energy from high frequency oscillations to 

low frequency oscillations; the predominance of the violet companion

corresponds to the energy transfer in the opposite direction. The direc­

tion of energy transfer no doubt depends on the relationship between the 

amplitudes of the ion oscillations and the outer signal. In actuality, 

an increase in the magnetic field strength decreases the ion oscillation 

amplitude, which leads to a more effective energy transfer from the high 

frequency to the low frequency for a given amplitude of the outer signal. 


The same result may be achieved in another way: by changing the 1125 

outer signal amplitude for a constant magnetic field. With an increase 

in the outer signal, the red companion becomes higher as compared with 

the violet. 


Let us turn to an experiment in which the outer field frequency 
coincides with the electron cyclotron frequency. Figure 4 shows the 
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Figure 3 

diagram of the experimental apparatus for studying the interaction be­
tween ion oscillations and the outer field at the electron cyclotron fre­
quency (1 -- solenoid; 2 -- electron gun; 3 -- probe; 4 -- hollow electron 
bundle; 5 -- collector; 6 -- volumetric resonator; 7 -- connection with 
the oscillation source and measurement circuit). The outer field was 

produced in the volumetric resonator which encompassed almost all of the 

bundle. The mode Hllwas excited in the resonator at a frequency of 

2265 Mc. When the bundle was switched on, the oscillation level in the 
resonator sharply decreased, when the magnetic field strength reached a 
value corresponding to electron cyclotron resonance (Figure 5). The 
width of the resonance absorption curve was primarily determined by the 
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Figure 4 

Figure 5 

nonuniformity of the magnetic field over the length of the system. Compan­
ions appeared close to resonance which coincided with formula (20). The 
violet companion was higher than the red companion, which was apparently 
related to the small amplitude of the signal supplied. 

Let us examine the case when the outer field frequency coincides 

with the electron plasma frequency. The outer signal is supplied to a 

grid located at the bundle origin. Measurements are performed by a probe. 
Figure 6 shows the spectra for several frequencies close to the electron 
plasma frequency (p = 4010-~mm Hg, I = 40 ma, U = 250 v, H = 1000 oersted, 
voltage on the grid uc = 0.1 v. Oscillation frequencies of voltage on the 

grid: a 39 Mc; b -- 40 Mc; c -- 41 Mc; d -- 42 Mc; e -- 43 Mc). It 
can be seen that the interaction is resonant in nature. The heights of 
the companions are large (the total altitude of the carrier is shown in 
the photographs), which points to the effectiveness of the interaction be­
tween ion oscillations and the outer signal at the electron plasma fre­
quency. /126 


The amplitude of the signal supplied is 0.1 v *, which explains the 
* 	 The effective voltages are always employed. 
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Figure 6 

predominance of t h e  v i o l e t  companion. When t h e  amplitude of t h e  o u t e r  
high frequency f i e l d  inc reases  ( f o r  a magnetic f i e l d  s t r e n g t h  of 1000 
o e r s t e d ) ,  t h e  r ed  companion begins t o  predominate. A s i m i l a r  r e l a t i o n s h i p  
between t h e  companion h e i g h t s  and t h e  amplitude of t h e  o u t e r  f i e l d  i s  ob­
served f o r  H = 7000 oe r s t ed .  With an increase i n  t h e  .red companion, t h e  
a l t i t u d e  of t h e  p r i n c i p a l  l i n e  (carrier) decreases .  I f  H = 700 oe r s t ed ,  
a decrease i n  even t h e  p r i n c i p a l  l i n e  may be observed when the  o u t e r  
s i g n a l  i s  i n t e n s i f i e d  (from uc = 0.5 v t o  uc = 0.95 v).  For a cqmpara­
t i v e l y  s m a l l  magnetic f i e l d  (H = 400 oer s t ed )  and a s i g n i f i c a n t  o u t e r  
s i g n a l  amplitude, t h e r e  i s  very s t rong  i n t e r a c t i o n  which is  accompanied 
by the appearance of many combined frequencies .  

These d a t a  po in t  t o  t h e  e f f e c t i v e  t r a n s f e r  of energy from e l e c t r o n  
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plasma oscillations to ion oscillations. This phenomenon may probably 

be employed to increase the energy of the plasma ion component. 
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DISSIPATION OF PLASMA OSCILLATIONS EXCITED IN A 
CURRENT-CARRYING PLASMA 

Ye. A. Sukhomlin, V. A. Suprunenko, N. I. Reva, V. T. Tolok 

Several experimental and theoretical investigations have studied the 
development of bunched instabilities in a current-carrying plasma for 
large electric field strengths (Ref. 1 - 5). It has been shown that, as 
only the mean energy of the ordered electron drift is larger than their 
thermal energy, intense longitudinal electrostatic oscillations develop /127 
in a plasma. Their energy reaches the initial energy level of electron 
drift usually after several tens of plasma oscillation periods. 

Computations of the multi-flux motion of electrons in a current-
carrying plasma, which were performed by 0 .  Buneman (Ref. 6), J. Dawson 
(Ref. 7), and Ya. B. Faynberg (Ref. 8 ) ,  have shown that very intense 
"thermalization" of the plasma oscillation energy occurs, if this energy 
is considerably greater than the electron thermal energy. Thermalization 
occurs due to nonlinear phenomena leading to the transformation of longi­
tudinal oscillations into transverse oscillations and to their rapid phase 

mixing. 


This process takes place until the energy of the ordered oscillations 

equals the electron thermal energy. It may be assumed that ion heating 
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w i l l  occur due t o  "co l l ec t ive"  f r i c t i o n  of e l e c t r o n s  on ions  i n  t h e  case 
of bunched i n s t a b i l i t i e s .  

Thus, an i n v e s t i g a t i o n  of bunched i n s t a b i l i t i e s  i n  a high-current 
gas discharge opens up new p o s s i b i l i t i e s  f o r  e f f e c t i v e  plasma heat ing.  

The s t u d i e s  (Ref. 9 ,  10) performed d e t a i l e d  i n v e s t i g a t i o n s  of t h e  
e x c i t a t i o n  condi t ions of bunched i n s t a b i l i t i e s  i n  a current-carrying 
plasma, as w e l l  as t h e  plasma c h a r a c t e r i s t i c s  i n  t h e  presence of t h e s e  
i n s t a b i l i t i e s .  The occurrence of an anomalously high discharge r e s i s t a n c e  
and i n t e n s e  microwave plasma r a d i a t i o n  w a s  discovered. 

This ar t ic le  i n v e s t i g a t e s  hea t ing  and containment of a plasma i n  a 
s t rong  magnetic f i e l d ,  under condi t ions when bunched i n s t a b i l i t i e s  e x c i t e d  
by "escaping" e l e c t r o n s  develop i n  t h e  plasma. The experiments w e r e  per­
formed on an apparatus  r ep resen t ing  a r e c t i l i n e a r  tube made of alundum 
with a diameter of 1 0  cm and a l eng th  of 25 cm, which w a s  u sua l ly  f i l l e d  
wi th  hydrogen a t  a p res su re  of 5 0 1 0 - ~- mm Hg. Aluminum e l e c t r o d e s  
w e r e  placed a t  t h e  two ends of t h e  tube;  a b a t t e r y  of c a p a c i t o r s  having 
an over-al l  capaci tance of 1 5  microfarads w a s  discharged between t h e  
e l ec t rodes .  The b a t t e r y  w a s  charged t o  a vo l t age  of 30-40 kv. The 
discharge cu r ren t  through t h e  gas amounted t o  100 ka wi th  a per iod of 
9 microseconds. I n  o rde r  t o  e l imina te  hydromagnetic phenomena, t h e  d i s ­
charge w a s  performed i n  a s t r o n g  l o n g i t u d i n a l  magnetic f i e l d  (on t h e  o rde r  
of 1.2 t l),  a t  which t h e  Shafranov cond i t ion  of s t a b i l i t y  would be f u l ­
f i l l e d  (Ref. 13). I n  o rde r  t h a t  t h e  plasma d i d  n o t  touch t h e  w a l l s ,  a 
diaphragm wi th  an opening which w a s  80 mm i n  diameter w a s  placed between 
t h e  e l ec t rodes .  

During t h e  f i r s t  half-per iod i n  t h e  d i scha rge , a  highly ionized plasma/128 
f i lament ,  which w a s  s epa ra t ed  from t h e  w a l l  and which had a diameter of 
80 mm, w a s  produced; no macroscale hydromagnetic i n s t a b i l i t i e s  w e r e  
ap a r e n t  i n  t h i s  plasma f i lament .
lop4 - 1013 ~ m - ~ .The cons t ruc t ion  of t h e  apparatus  and t h e  experimental  

The plasma d e n s i t y  changed between 

method w e r e  descr ibed i n  d e t a i l  i n  (Ref. 9 ) .  X-ray and microwave radia­
t i o n  from t h e  discharge,  t h e  cu r ren t  of "escaping" e l e c t r o n s ,  t h e  over-al l  
discharge c u r r e n t ,  and t h e  vo l t age  between t h e  e l e c t r o d e s  w e r e  s tud ied  
experimentally.  

Figure 1 shows t h e  following osci l lograms:  a -- microwave r a d i a t i o n  
from t h e  plasma; b -- over -a l l  discharge c u r r e n t ;  c -- c u r r e n t  of "escaping" 
e l e c t r o n s ;  d -- vo l t age  between t h e  e l e c t r o d e s  of t h e  discharge tube re­
duced t o  a s i n g l e  t i m e  scale. The osci l lograms w e r e  recorded a t  an i n i t i a l  
hydrogen p res su re  i n  t h e  chamber of 2 0 1 0 - ~mm Hg, a magnetic f i e l d  s t r e n g t h  
of 0.64 tl ,  and a charge vo l t age  of 34 kv. 

C h a r a c t e r i s t i c ,  i n t e r - co r re l a t ed  o s c i l l a t i o n s  are observed a t  high 
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Figure 1 

electr ic  f i e l d  s t r e n g t h s ;  t h e s e  o s c i l l a t i o n s  are due t o  t h e  development 
of bunched i n s t a b i l i t i e s .  During t h e  i n i t i a l  per iod,  t h e  f i e l d  s t r e n g t h  
i n  t h e  discharge c e n t e r  i nc reases  as t h e  vo l t age  wave p e n e t r a t e s  t h e  
plasma. With an i n c r e a s e  i n  t h e  electric f i e l d  s t r e n g t h  i n  t h e  discharge,  
a c c e l e r a t i n g  processes  begin t o  develop. A c u r r e n t  of "escaping" e l e c t r o n s  
f i r s t  appears due t o  t h e  " ta i l"  of t h e  Maxwell d i s t r i b u t i o n .  However, as soon 
as t h e  electric f i e l d  s t r e n g t h  i n  t h e  plasma begins t o  exceed t h e  cr i t i ­
cal  value,  a l l  of t h e  e l e c t r o n s  acqu i r e  a d r i f t  v e l o c i t y  which is  g r e a t e r  
than t h e  thermal v e l o c i t y ,  and bunched i n s t a b i l i t i e s  develop i n  t h e  plasma, 
t o  which t h e  occurrence of epi thermal  microwave r a d i a t i o n  corresponds. 
I n  t h i s  case, a l a r g e  p o r t i o n  of t h e  d i r e c t i o n a l  d r i f t  energy of t h e  
e l e c t r o n s  is  t r ansmi t t ed  t o  e x c i t a t i o n  of o s c i l l a t i o n s ,  and t h e  c u r r e n t  
of "escaping" e l e c t r o n s  sha rp ly  decreases.  This l e a d s  t o  an inc rease  /129 
i n  t h e  e f f e c t i v e  plasma resistance and t o  a d i p  on t h e  osci l logram f o r  
t h e  ove r -a l l  discharge cu r ren t .  

The amount of energy con t r ibu ted  by t h e  ou te r  source t o  t h e  bui ldup 
of l o n g i t u d i n a l  e l e c t r o n  o s c i l l a t i o n s  may be  computed from t h e  a d d i t i o n a l  
c u r r e n t  a t  t h e  moment an i n s t a b i l i t y  develops. For t h e  case shown i n  
Figure 1, this  energy amounts t o  10 kv p e r  p a r t i c l e .  The energy of t h e s e  
o s c i l l a t i o n s  considerably exceeds t h e  i n i t i a l  thermal energy equa l l ing  
30 e l e c t r o n  v o l t s ,  which l e a d s  t o  e f f e c t i v e  the rma l i za t ion  of plasma 
o s c i l l a t i o n s  due t o  non l inea r  phenomena. A s  a r e s u l t ,  t h e  random e l e c t r o n  
energy w i l l  equal ,  i n  o rde r  of magnitude, t h e  energy of plasma o s c i l l a ­
t i o n s .  Due t o  the rma l i za t ion ,  i n t e n s e  X-ray r a d i a t i o n  occurs as a r e s u l t  
of e n e r g e t i c  e l e c t r o n s  f a l l i n g  on t h e  t a r g e t .  
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Figure 2 

Since t h e  t r a n s v e r s e  component of e l e c t r o n  energy has  increased con­
s ide rab ly ,  and t h e  v e l o c i t y  of d i r e c t e d  d r i f t  has  remained t h e  same as 
previously,  t h e  cond i t ion  f o r  e x c i t a t i o n  of plasma bunched i n s t a b i l i t i e s  
has  been d i s tu rbed  and t h e  plasma has  r e tu rned  t o  t h e  i n i t i a l  unexcited 
state. Figure 1 c l e a r l y  i l l u s t r a t e s  two cyc le s  of such o s c i l l a t i o n s  with 
a per iod on t h e  o rde r  of 1.5 microseconds. This per iod is  probably deter­
mined by t h e  t i m e  required f o r  e l e c t r o n s  t o  change i n t o  a s ta te  of "escape". 
According t o  t h e  computations of Dreicer (Ref. ll), t h i s  per iod equa l s ,  
i n  o rde r  of magnitude, t h e  t i m e  between two Coulomb c o l l i s i o n s  f o r  an 
electric f i e l d  s t r e n g t h  which is  g r e a t e r  than t h e  c r i t i ca l  s t r eng th .  
Assuming t h a t  30% of t h e  energy of plasma o s c i l l a t i o n s  i s  "thermalized" 
(Te = 3*103 e l e c t r o n v o l t s )  ( R e f .  1 2 > ,  w e  f i n d  t h a t  f o r  a plasma d e n s i t y  

cm-3of 7 0 1 0 ~ ~  t h e  t i m e  between two Coulomb c o l l i s i o n s  i s  4.5 microseconds. 

The per iod i n  which t h e  "heating" cyc le s  are repeated depends on t h e  
i n i t i a l  gas  p re s su re  i n  t h e  chamber. It inc reases  considerably with a 
decrease i n  t h e  plasma dens i ty .  The e f f e c t i v e  e l e c t r o n  temperature of t h e  
plasma must thus i n c r e a s e ,  s i n c e  t h e  t o t a l  energy t r ansmi t t ed  i n t o  t h e  
buildup of plasma o s c i l l a t i o n s  from t h e  o u t e r  source changes very l i t t l e .  

Thus, i t  would be expected t h a t  i n t e n s e  e l e c t r o n  hea t ing  occurs due 
t o  t h e  development of bunched i n s t a b i l i t i e s  i n  t h e  discharge.  Direct 
measurements of t he - e l e c t r o n  temperature are of g r e a t  i n t e r e s t .  

The e f f e c t i v e  e l e c t r o n  temperature w a s  determined by t h e  absorpt ion 
of e l e c t r o n  braking r a d i a t i o n  i n  t h i n  beryl l ium f o i l s  l oca t ed  i n  f r o n t  
of a s c i n t i l l a t i o n  c r y s t a l  on t h e  w a l l  w i t h i n  t h e  vacuum chamber. Th'e 
plasma e l e c t r o n s  f a l l i n g  on t h e  f o i l - t a r g e t  are braked i n  t h e  very t h i n  
s u r f a c e  l aye r .  Their  energy is  transformed i n t o  braking X-ray r a d i a t i o n  
which, a f t e r  p a r t i a l  absorpt ion i n  the  f o i l ,  f a l l s  on t h e  c r y s t a l  causing 
a f l a s h  of l i g h t .  I n  o rde r  t o  determine t h e  r a d i a t i o n  hardness,  without 
d i s t u r b i n g  t h e  vacuum i t  i s  p o s s i b l e  t o  p l a c e  beryl l ium f o i l s  having 
d i f f e r e n t  thicknesses  i n  f r o n t  of t h e  c r y s t a l .  The l i g h t  from the  c r y s t a l  
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Figure 3 

is supplied to the photomultiplier by means of the wave guide. The signal 

from the photomultiplier through the cathode follower is supplied to the 

oscillograph amplifier. 


Figure 2 shows the dependence of the photomultiplier (PM) signal 
intensity on the thickness of the absorber foil. This dependence may 
be employed to determine the electron temperature for a specific form 
of the electron energy distribution function. Maxwell distribution, 
rectangular distribution with the width Te, and Drayvesten distribution 
lead to similar temperature values. This enables us to employ the curve 
shown in Figure 2 for a rough estimate of the electron temperature when 
the electron energy distribution function is not known precisely. 

The curves in Figure 2 were compiled under the assumption of Maxwell 
distribution for three temperatures: 1 -- 1 kev; 2 -- 2 kev; 3 - 3 kev. 
It can be seen that the experimental points correspond to a plasma elec­
tron temperature on the order to 2 kev. 

Figure 3 presents the following oscillograms: a -- current of 
I 1escaping" electrons; b -- X-ray radiation from the plasma due to braking 
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Figure 4 

of thermalized electrons in the foil. X-ray radiation arises simultaneously 
with the current, and continues for a long period of time after the 
braking of "escaping" electrons due to the energy of transverse motion. 
The maximum quanta energy of this radiation is about 15 kev. This points 
to the effective transformation of the energy of electron longitudinal os­
cillations into the energy of transverse motion. In the absence of 
bunched instabilities, the electron temperature in the discharge is 30-
electronvolts. 
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Figure 4 presents the following oscillograms: a -- current of /131 
"escaping" electrons; b -- X-ray radiation; c -- microwave radiation; 
d -- light from the discharge center; and e -- over-all discharge current. 
X-ray radiation arises simultaneously with intense epithermal microwave 
radiation at a frequency close to 

(a0 -- plasma electron frequency; % -- electron cyclotron frequency). 
The power of this radiation is approximately four orders of magnitude 

greater than the power of thermal radiation from the plasma at an elec­

tron temperature of lo4 electronvolts. It was shown in (Ref. 10) that 

the radiation is related to longitudinal electron oscillations in the 

discharge. 


All of these statements indicate that X-ray radiation from discharge /132 

is related to the thermalization of bunched instability energy. 


The period of pair interaction for electrons having an energy on 
the order of 2 kev is considerably greater than the time of the process 
being studied. Therefore, we may assume that nonlinear phenomena during 
collective oscillations with a large amplitude play the main role in 
thermalization of longitudinal oscillations. In our case, the Larmor 
radius of hot electrons is a little less than the discharge chamber 
diameter (less than 1 mm). Therefore, X-ray radiation is primarily 
caused by electrons diffusing toward the walls across the magnetic field. 
When the X-ray radiation reaches a maximum (see Figure 4 ) ,  the lumines­
cence in the discharge center sharply increases; this is determined pri­
marily by admixtures dislodged from the walls by hot electrons. There is 
a simultaneous strong increase in the current on the boundary electro­
static probe, which is executed in such a way that the current upon it is 
determined by the resistance of the discharge plasma across the magnetic 
field. Thus, there is a rapid cooling of the electrons, even 5 - 6 micro­
seconds after the X-ray radiation has terminated. 

In the absence of pair collisions, strong diffusion and great con- /133 
ductivity across the magnetic field would not be expected. Anomalous 
diffusion can occur due to nonlinear phenomena for a large longitudinal 
oscillation amplitude. However, in the experiments described, the anoma­
lous diffusion across the magnetic field may be explained by an increase 
in the gaskinetic plasma pressure as compared with the magnetic pressure,
due to intense electron heating. The decrease in the X-ray radiation in­
tensity with an increase in the magnetic field strength also points to 
this conclusion. 
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DAMPING OF INITIAL PERTURBATION AND STEADY FLUCTUATIONS 
IN A COLLISIONLESS PLASMA 

A. I. Akhiyezer, I. A. Akhiyezer, R. V. Polovin 

When the perturbation of the distribution function is a nonanalyti­

cal function of velocity, the damping of plasma waves when there are no 

collisions may be different from that determined by the classical formula 

of Landau. If the perturbation of the distribution function has a / 134 
&-like singularity, then perturbations of the macroscopic quantities are 

not damped with the passage of time. If the perturbation of the distribu­

tion function has a discontinuity of the n-& derivative, then the perturba­

tion is damped according to the law t-(n+l) (and not according to the 

exponential law, as in the case of Landau damping). 


Let us investigate the mechanism for establishing fluctuations 

(which are not dependent on the initial perturbations) of the macroscopic 

quantities in a non-equilibrium plasma. 
 We shall show that these fluctua­

tions are established due to the "survival" of a singular component in 

the expression for the distribution function perturbation. 


The dependence on time of the perturbation of the k-& component of 

the Fourier potential $k(t) in an unconfined plasma is determined by the 

following expression (Ref. 1) 


where 


Fo(v) is the unperturbed distribution function; gh(v) -- the Fourier com­
ponent of the distribution function perturbation in the case of t = 0 ;  
integration is performed in formula (1) along the line Re p = (5 lying to 
the right of all the singularities of the function $P' 

Formula (1) makes it possible to determine the behavior of the poten­

tial $k(t) with an increase in t. As is known, the asymptotic behavior 
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of the function &(t) for large t is determined by the nature of the 

singularities of the Laplace transform 9,. The function Cpp was 
determined above for only large values of Re p (in this region it has 
no singularities). In order to study its singularities, we must first 
determine this function in the entire complex variable plane -- i.e., 
we must analytically continue the determination of (2) to decreasing 
values of Re p. The analytical continuation of Cpp is determined according 
to the previous formula (2) along the imaginary axis p. 

For purely imaginary values of p, the denominators in the integrals /135
which determine Cpcr vanish in the case of w = ip/k. Therefore, for 
analytical continuation of Cpcr in the region Re p ,< 0, it is necessary 
to deform the integration path in the integrals (3) and ( 4 ) ,  so that it 
passes around the pole w = ip/k from below. Deformation of the path 
assumes, in its turn, the possibility of analytical continuation of the 
functions F;(w) and gk(w) determined initially only for real w in the 

region of complex values of w. 


Thus, a clarification of the singularitites for the function Cpcr, 

which determines the nature of the asymptotic behavior of $k(t) for large 

t, requires a knowledge of the analytical properties of the functions 

FO(w) and gk(w) 


Let us confine ourselves to investigating the functions Fo(w) per­

mitting analytical continuation in the region of complex values. The 
function D(k, p), determined in the case of Re p > 0 by relationship (31, 
may be continued analytically in the region Re p \< 0,by determining it 
everywhere as 

where integration is performed along the real axis w with passage around 

the pole from below in the case of w ip/k. 


We have found the denominator of expression (2) for Cp
P 

-- i.e., the 
function D(k, p) -- over the entire plane of the complex variable p. Let 
us now calculate the analytical properties of the numerator for this expres­
sion, i.e., the function N(k, p). Formula ( 4 )  determines it in the case 
of Re p > 0. As has been pointed out, the function N(k, p) has no singu­
larities in this region. The position and nature of the singularities of 
this function are determined by the properties of the function gk(w) in 
the case of Re p ,< 0. 

If the function gk(w) has singularities (which may be integrated) for 
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real w, then the function N(k, p) will have singularities for purely 
imaginary p. In particular, such a situation is observed if the func­
tion gk(w) has a 6-like singularity, a discontinuity, or a break, and 
also if any of its derivatives has a break (in these cases, the func­

tion gk(w), generally speaking, does not permit analytical continuation 

on the real axis. 

If the function gk(w) has no singularities on the real axis and per­

mits analytical continuation in the region of complex values of w, then 
the function N(k, p), and consequently the function $P' will have no 
singularities on the imaginary axis p. However, generally speaking, it /136 
may have a singularity in the case of Re p < 0 at the points p = -ikwr, 
where wr is any singularity of the function gk(w) lying in the lower 

halfplane of the complex variable w. 


Let us elaborate further on the nature of the asymptotic behavior of 

&(t) for noninteger functions gk(w). In this case, singularities of the 

function N(k, p) are added to the singularity 4P determining the roots of 
the dispersion equation D(k, p) = 0. The distribution of these singulari­
ties depends only on the form of the function gk(w) i.e., on the nature 
of the initial perturbation -- and does not depend on the plasma properties 
(on the function Fg(w).) As has been indicated, one significant property 
of the singularities for the function of N is the fact that they may all 
lie only in the left halfplane p. Therefore, if only one of the roots 
pr = -iwr-yr of the dispersion equation D(k, p) = 0 lies in the right 
halfplane p, yr < 0 (which corresponds to the possibility of an oscilla­
tion increase), then the nature of the initial perturbation has no signifi­
cant influence on the asymptotic behavior of +,(t) in the case t t + 00. 

If N(k, p) has singularities at the points p = pn 5 -yn-iwn (n = 1, 
2, 3 ,  ...),the contribution made by these singularities to the asymptotic 
behavior of $k(t) in the case of t + 00 may be written as~:"neXP{-7nt-iw,,t}, 

where an represents certain constants. Adding this sum to the contribu­
tion from zeros D(k, p), we find the asymptotic expression for $k(t) in 
the general case of noninteger functions &(w) (which have no singulari­
ties for real w) 

" ~ k  ~ X P(1)  	 CS$~ ( -7rt - i w r t )  + an exp {-Tnt -j w n t ) ,  (6)r n 

where $(r) is the residue $cr at zero of the function D(k, p) (the point 
crp = pr = -yr-iwr). 
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Thus, f o r  l a r g e  .t the  p o t e n t i a l  @k( t )  r ep resen t s  superpos i t ion  of 
t h e  eigen plasma osci l la t ions,whose complex f requec ies  Wr-iy, are deter­
mined by t h e  plasma p rope r t i e s  [ t h e  r i g h t  sum i n  ( 6 ) ] ,  and o s c i l l a t i o n s  
whose complex frequencies  un-iyn are determined by the form of t h e  i n i t i a l  

pe r tu rba t ion  gk(w) [ t h e  second sum i n  ( 6 ) ] .  The eigen o s c i l l a t i o n s  may 

be both damped and i n t e n s i f i e d .  The o s c i l l a t i o n s  whose frequencies  are 
determined by t h e  form of t h e  func t ion  gk(w) may be only nonincreasing 

( i . e . ,  damped o r  o s c i l l a t i n g  o s c i l l a t i o n s  wi th  cons tan t  amplitude).  

L e t  us g ive  two examples of o s c i l l a t i o n s  whose frequency and damping 
decrement are determined by the  i n i t i a l  pe r tu rba t ion ,  and do not  depend 
on t h e  plasma p rope r t i e s .  

As t he  f i r s t  example, l e t  us i n v e s t i g a t e  o s c i l l a t i o n s  produced i n  /137 
t he  case of 

where go, W O ,  w l  a r e  c e r t a i n  cons tan ts .  I n  t h i s  case w e  have 

' *goN (k, p )  = -p + ikw, + kw, . 
The func t ion  N(k, p) has  a s i n g u l a r i t y  i n  t h e  case of p = -ikwo-kwl, 
which introduces t h e  following con t r ibu t ion  t o  t h e  asymptotic behavior-of Ok(t) i n  t h e  case of t -f 

Y k  (f) (u goexp (--kwlt -ikw,t} .  

Thus, t h e  frequency and damping decrement of o s c i l l a t i o n s  produced i n  
t h e  case of i n i t i a l  pe r tu rba t ion  such as (7)  equal  kwo and kwl, respec­
t i v e l y .  I n  t h e  case of w l  -+ 0, t h e  damping disappears .  W e  should po in t  
out  t h a t  t h e  func t ion  gk(w) acqui res  an & - l i k e  s i n g u l a r i t y  on t h e  real  
axis, gk(w) + "go6 (w-wo) . 

L e t  us s tudy  o s c i l l a t i o n s  produced i n  t h e  case of t h e  discontinuous 
func t ions  gk(w). L e t  us s e t ,  f o r  example, 

Thus, t h e  func t ion  
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has branch points on the imaginary axis p, p = 5 ikw. The contribu­
tion made by the singularities of the function N(k, p) to the perturba­
tion of the potentfal $k(t) has the following form 

The &like singularity on the real axis on the function gk(w) leads to 

nondamped oscillations of the potential $k(t)' The discontinuity of the 

function gk(w) -- i.e., the 6-like singularity of its first derivative 
leads to potential oscillations which are damped as t-'. It can readily 

be shown that the discontinuity of the n-G derivative of the function 
gk(w) -- i.e., the &-like singularity of its (n + I)-& derivative 
leads to asymptotic behavior of a t-(n+l)exp{ikwgt} like potential, where 

wo is the discontinuity point. 


Let us determine the manner in which the fluctuations of macroscopic /138 
quantities, which do not depend on the initial conditions, are established 
in a collisionless plasma with an arbitrary (not necessarily equilibrium) 
distribution function (Ref. 2). In order to do this, we should note that 
the averaged product of the distribution function fluctuations for particles 
of the a - 2  type can be represented as follows at corresponding periods
of time 

( g: (v)g$ (v') ) = 6,,*6 (k + k') 6 (V -v') F;f (v)+ Y a a * ( v ,v'; k, k'), (11) 

where the first component (Ref. 3) describes the "correlation of the particle 
with itself", and the second component is related to the interaction between 
particles (and is determined by the previous history of the system). It 
is important that the first component contain 6(v - v'), while the second 
component is a smooth function of velocity. 

In order to obtain the correlation function of the potential, we 
must express the potential $k(t) by ga(v) by means of relationships (1) ­
( 4 ) ,  and we must then perform averaging by means of formula (11). It may 
be readily seen that the presence of the 6-like component in formula (11)
leads to a nondamped (and oscillating according to the law exptikye.)) com­
ponent in the expression for the potential correlator. The remaining 
(smooth) components in formula (11) are damped according to the law 

exp{-yktly where yk is the customary Landau damping decrement (i.e.y the 

imaginary part of the root % of the dispersion equation E(%, k) = 0). 
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Thus, in the time yk-' the potential fluctuation distribution (and 

the distribution of all other macroscopic quantities), which does not 

depend on the initial perturbation, is established after the outer per­

turbation is shut off in the plasma. 


According to relationships (1) - (4), (ll), the correlation function 
of the potential has the following form 

m 

,( C+JR ( t )qw(0) ) = 6(k +,k')($)2 do I E ( w , k )  exp { -iwf} x 
-_ (12) 

x Ce:SdvG(v)6 (o-kv). 
a 

This relationship was obtained by Rostoker (Ref. 4) by employing a 

different method. Our derivation presents a clearer explanation of the 

mechanism, and makes it possible to determine the time required to estab­

lish fluctuations, which do not depend on the initial perturbation, in a 

nonequilibrium plasma. 
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CHARGED PARTICLE INTERACTION WITH A TURBULENT PLASMA 

I. A. Akhiyezer 

This art icle computes t h e  energy l o s t  (o r  acquired) p e r  u n i t  of t i m e  
by a charged p a r t i c l e  when moving through a tu rbu len t  plasma. The depen­
dence of t h e  p a r t i c l e  energy change on t h e  magnitude and d i r e c t i o n  of i t s  
v e l o c i t y  i s  e s t a b l i s h e d  i n  e x p l i c i t  form. It is  shown t h a t  t h e  turbu­
lence spectrum elements have no in f luence  on t h i s  dependence. 

The s t r e n g t h  of charged p a r t i c l e  i n t e r a c t i o n  wi th  t h e  plasma i s  deter­
mined by t h e  level of plasma f l u c t u a t i o n s .  I n  p a r t i c u l a r ,  t h e  p a r t i c l e  
energy l o s s e s  pe r  u n i t  of t i m e  P are r e l a t e d  t o  t h e  charge d e n s i t y  corre­
l a t o r  <p2>qw by t h e  following r e l a t i o n s h i p  

where ez ,  F\, v a r e , r e s p e c t i v e l y ,  t h e  p a r t i c l e  charge, m a s s ,  and ve loc i ty .  
I f  t he  plasma c o n s i s t s  of cold ions  and ho t  e l e c t r o n s  moving a t  t h e  mean 
v e l o c i t y  u with r e s p e c t  t o  t h e  i o n s ,  t h e  charge dens i ty  c o r r e l a t o r  i n  
t h e  "sound region" (q(Ti/M)"2 << w << q(Te/m)*/2, aq << 1) may be repre­
sented i n  t h e  following form 

where Te, Ti is  t h e  temperature and m y  M -- t h e  m a s s ,  r e s p e c t i v e l y ,  of 
e l e c t r o n s  and ions ;  s = (Te/M)lI2 -- speed of sound; T(q, qu) -- e f f e c t i v e  

1 
temperature of sound waves; a = T / 2 ( 4 1 ~ e ~ n ) - ~ / 2-- Debye r ad ius .  Substi- /140e 
t u t i n g  (2) i n  (1) and assuming t h a t  T > >  pv2 ,  w e  o b t a i n  

where 8 i s  t h e  ang le  between v and u 

I n  t h e  wave v e c t o r  r eg ion  i n  which t h e  sound waves are dam ed (qu< 
< qs), the e f f e c t i v e  temperature is  (Ref. 1 - 3) T e ( l  - qu/qs)-'. Close 

t o  t h e  boundary of t h e  s t a b i l i t y  region (qu ?, qs) t h e  func t ion  T i n c r e a s e s  
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sharply.  I n  the  case of qu > qs, t h e  l i n e a r  theory p r e d i c t s  an exponen­
t i a l  inc rease  i n  T wi th  t i m e .  This increase s t o p s  due t o  nonl inear  phe­
nomena, and a s t a t i o n a r y  f l u c t u a t i o n  d i s t r i b u t i o n  i s  e s t ab l i shed  which 
i s  charac te r ized  by a very h igh  e f f e c t i v e  temperature,  i.e., t h e  state 
of s t a t i o n a r y  turbulence (Ref. 4). 

It fol lows from t h i s  behavior of t h e  func t ion  T(q,q) t h a t  aT(q,q)/an 
has  a sharp maximum f o r  a c e r t a i n  value of T-I c l o s e  t o  qs ,  n = n o  % qs. 
Noting t h a t  t h e  energy l o s s e s  are determined by t h e  d e r i v a t i v e  a T / a q ,  
and not  by t h e  func t ion  T i t s e l f ,  w e  can thus express  P by a s m a l l  number 
of parameters which cha rac t e r i ze  aT /aq  i n  t h e  case of q 2 00, without  
including more d e t a i l e d  p r o p e r t i e s  of t h e  turbulence spectrum. 

Close t o  TI 2 n o ,  w e  have 

where X1,2 equals  u n i t y  i n  order  of magnitude, and T* is  a l a r g e  quan t i ty  
equal l ing  T(q, n)  i n  order  of magnitude i n  t h e  case of TI > qs.  

Subs t i t u t ing  (4) i n  formula (3) and assuming t h a t  8+ < 8 < e,, where 

w e  ob ta in  

where a, = a / (  aq) (X 1X2)-ldq. This r e l a t i o n s h i p  determines t h e  dependence 
of P on v i n  e x p l i c i t  form. I n  t h e  case of 8 < 8 0 ( 0 0  = arc cos s2 /uv ) ,  
t h e  p a r t i c l e  energy decreases  and i n  t h e  case of 8 > 8 0  i t  increases .  

I n  t h e  case  of 1 e - 14 Te/T*, r e l a t i o n s h i p  (6) ceases t o  be va l id .  /141-
I n  t h e  case of 18 - 8, I << Te/T*, w e  have 

1 ( the  s i g n s  <<?>> correspond t o  8 % 8, ) .where al =F u l  ( ~ q ) 3 ) \ ~ ~ / ~ h ~ ' ' ' d q  

Thus, P is  propor t iona l  t o  T* i n  the  region 8+ < 8 < 8 - ,  except f o r  the  
3 

boundary of t h i s  region where P (T*) /2. 

I n  t h e  case of v -f u,  t h e  c r i t i c a l  va lue  of t h e  angle  8+ s t r i v e s  t o  
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zero,  and r e l a t i o n s h i p  (7)  does n o t  hold.  
formulas (3) , (4),w e  o b t a i n  

For 8+ << Te/T*, and employing 

I n  t h i s  case, t h e  energy l o s s e s  are p a r t i c u l a r l y  l a r g e  (they are propor­
t i o n a l  t o  ( ~ * 2 ) .  

I f  8 < 8+ o r  8 > e - ,  then t h e  expression f o r  t h e  energy l o s s  does 
n o t  con ta in  t h e  l a r g e  parameter T*/Te. For 18 - I << 1, neve r the l e s s ,  
P i s  p ropor t iona l  t o  18 - 8, 1-3/2,  and consequently i t  i s  l a r g e .  

I n  o rde r  t o  have c r i t i c a l  values  of t h e  angles  e,, i t  is necessary 
t h a t  bo th  u and v exceed s. I f  u + s ,  then  8, + 8, = arc cos s/v. I n  
t h e  case of 8 %' e,, t h e  energy l o s s e s  are propot ional  t o  (T* l1 /2  

When expressions (6) - (9)  w e r e  der ived,  i t  w a s  assumed t h a t  t h e  
d i f f e r e n c e  v - s w a s  n o t  t oo  s m a l l .  I f  1 - s2/v2 << Te/T*, the energy 
l o s s e s  w i l l  be a t  a maximum i n  t h e  case of vu = s2 ( i n  t h i s  case P is  
determined by formula (8) and sha rp ly  decreases  w i t h  an i n c r e a s e  i n  
/vu- 5-21. 

I n  conclusion, w e  would l i k e  t o  p o i n t  out  t h a t  t h e  dependence of P 
on t h e  angle  0 ho lds ,  even i f  t h e  assumption t h a t  aT/ar l  is  s m a l l  i n  t h e  
region rl > '10 i s  n o t  f u l f i l l e d .  The con t r ibu t ion  made by t h e  q u a n t i t y  
a T / a n  with rl > '10 i n  t h e  expression f o r  P can only change t h e  func t ion  P 
somewhat i n  t h e  case of 8+ < 8 < e-, without  changing P i n  t h e  case of 
8 %' e * .  Consequently, t h e  n a t u r e  of t h e  dependence of P on t h e  angles  
is n o t  changed i n  t h e  case of 8+ \< 8 6 e-. I n  p a r t i c u l a r ,  t h e  func t ion  
P ,  which i s  p o s i t i v e  i n  t h e  case of 8 = 8+ and nega t ive  i n  t h e  case 
of 8 = e-,  must vanish f o r  a c e r t a i n  value of t h e  angle  8 = 8 0 ,  8+ < 

< 8 0  < 8- ( thus 8 0  can d i f f e r  somewhat from arc cos s2/uv) .  
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THEORY OF NONLINEAR MOTIONS OF A NONEQUILIBRIUM PLASMA 


I. A. Akhiyezer 


As is well known, low frequency oscillationswith a linear law of 
dispersion -- so-called ion sound -- are possible in a collisionless 
plasma consisting of hot electrons and cold ions (Ref. 1, 2). It is 
interesting to study nonlinear motions of a collisionless plasma consisting
of hot electrons and cold ions, and primarily simple waves. The study of 
simple waves not only makes it possible to trace the development of an 
initial perturbation, but it is also of interest as an independent investi­
gation, since only the region of simple waves can (when there are no dis­
continuities) be contiguous to an unperturbed plasma [see (Ref. 3)l. 

A. A. Vedenov, Ye. P. Belikhov, and R. Z. Sagdeyev (Ref. 4 )  have 
studied simple waves in a two-temperature plasma on the basis of an ios­
thermal hydrodynamic model. This article investigates simple waves in a 
nonequilibrium plasma on the basis of a kinetic equation, without employing 
a special model. A system of equations has been obtained for the moments 
(introduced in a specific way) of the electron distribution function, which 

enabled us to determine the direction of change for quantities characterizing 

the plasma in a sound wave, and to trace the development of a perturbation 

having finite amplitude*. 


L Equations Describing a Simple Wave I143 

The system of equations describing the motion of a collisionless 


~ . 

* 	 Yu. L. Klimontovich and V. P. Silin (Ref. 5) have investigated the 
problem of a hydrodynamic description of a two-temperature plasma 
without collisions. Nonlinear motions of such a plasma were studied 
in (Ref. 4 ,  6). 
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plasma consisting of hot electrons and ':old ions has the following form 


e($+u z ) u  4- m E  = O ;  atc n +  div(nu) = O ;  

div E =4 ~ e(JFdv-n) ; rot E =0, 

where F(v) is the electron distribution function; n and u are, respectively, 
the ion density and hydrodynamic velocity; E -- electric field; m, M 
electron and ion masses, respectively. (It is assumed that the electron 
mean energy considerably exceeds the ion mean energy.) Being interested 
in sound oscillations whose phase velocity is small as compared with the 
mean thermal velocity of electrons, we do not have to take the term aF/at 
into account in the first of the equations (1). Confining ourselves to 
one-dimensional plasma motions and making allowance for the fact that the 
charge spatial distribution is small in a soundwave 


In -1Fdv  I -n (alA)' <( n 

(X -- the length at which the quantities characterizing the plasma change 
significantly; a Debye radius), we can reduce the system of equations
(1) to the following form 

- - -> ._ .__--0; x + n - = O ;aF M du dF dn au 
ax m dt  uxavx ax 

n _1: F d v ,  

where d/dt = a/at + &lax (the x axis is selected in the direction of wave 
propagation; the subscript x for the velocity component is omitted from 
this point on). 

A 


Let us introduce the "moments of the distribution function": 


Employing system (2), we obtain 

In order to study nonlinear plasma motions, system ( 4 )  is more advan- /144 
tageous than the initial system of equations (2), since it includes terms 
which are only dependent on x and t, while equations (2) also include the 
electron velocity distributions. In this sense, equations ( 4 )  are similar 
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to equations of hydrodynamics, although -- in contrast to hydrodynamics 
which operate with a finite number of quantities -- they include an 
infinite number of "hydrodynamic quantities" n, Dj, u. 

We are interested in simple waves, i.e., those plasma motions for 
which the perturbations of all quantities characterizing the plasma are 
propagated at the same velocity -- in other words, for which each of the 
functions X [X F u, n, D+, F ( v ) ]  satisfies the following equation 

J 

(& + v ( x ,  t ) ;) x = 0. 

In the case of simple waves, as is well known, all of the quantities X 
can be represented in the form of a function of one of them (for example, 
n), which in its turn is a function of x, t. System ( 4 )  thus changes into 
a system of customary differential equations for the functions D.(n), u(n),J 
and the phase velocity V(n) is determined from the solvability condition 

of this system. After simple transformations,we obtain 


v = u + E V s ,  vs= (q"
M D  ' 

where E = +1 (E = -l), if the wave is propagated in the positive (negative) 
direction of the x axis. 

The determination of the electron distribution function in the case of 
a simple wave may also be reduced to solving the customary differential 
equation. Rewriting the kinetic equation (2) in the following form 

and introducing the notation 


( 6 )  

where the function B(n) satisfies equation /145 
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W e  should po in t  out t h a t  Landau damping of sound waves w a s  n o t  
taken i n t o  account when t h e  i n i t i a l  equations (2) w e r e  derived. There­
f o r e ,  i t  is n ces sa ry  t h a t  t h e  wave amplitude An n o t  be  t o o  s m a l l ,  
An/n >> (m/M)f 12, i n  o rde r  that equat ions (2), and consequently r e l a t i o n ­
s h i p s  ( 4 )  - (7) may b e  v a l i d .  The r o l e  of nonl inear  phenomena i n  t h e  
development of t h e  pe r tu rba t ion  i s  much g r e a t e r  i n  f u l f i l l i n g  t h i s  condi­
t i o n ,  than is t h e  r o l e  of sound damping. 

-~De-velopment -of a Perturbat-ionHaving a F i n i t e  Amplitude 

The system of equat ions f o r  "hydrodynamic" q u a n t i t i e s  (5), t oge the r  
w i th  r e l a t i o n s h i p s  ( 6 )  and (7), enables  us t o  s tudy t h e  d i r e c t i o n  of t h e  
change i n  q u a n t i t i e s  c h a r a c t e r i z i n g  t h e  plasma ( including t h e  e l e c t r o n  
d i s t r i b u t i o n  funct ion)  and t o  trace t h e  development of a pe r tu rba t ion  
having a f i n i t e  amplitude. 

F i r s t  of a l l ,  l e t  us determine t h e  manner i n  which t h e  e l e c t r o n  d i s ­
t r i b u t i o n  func t ion  changes i n  a simple wave. It follows from (7)  t h a t  6 
decreases  i n  a con t r ac t ion  wave, and inc reases  i n  a r a r e f a c t i o n  wave. 
Therefore,  f o r  values  of v f o r  which 3F/v$vx < 0 ,  t h e  number of e l e c t r o n s  
having a v e l o c i t y  i n  t h e  (v, v + dv) range increases i n  t h e  con t r ac t ion  
wave, and decreases  i n  t h e  r a r e f a c t i o n  wave. Conversely, a t  va lues  of v 
f o r  w h i c h 3 F / v 2 v x  > 0, t h e  number of e l e c t r o n s  with v e l o c i t i e s  i n  t h e  
(v, v + dv) range inc reases  i n  a r a r e f a c t i o n  wave, and decreases  i n  a con­
t r a c t i o n  wave. I n  p a r t i c u l a r ,  i f  t h e  i n i t i a l  e l e c t r o n  v e l o c i t y  d i s t r i b u ­
t i o n  has  a s p i k e  encompassing a s m a l l  v e l o c i t y  region,  along wi th  a maximum 
f o r  vx = 0 ,  t h e  sp ike  s h i f t s  t o  t h e  region of l a r g e r  ( s m a l l e r )  va lues  of 
Ivx I as t h e  con t r ac t ion  w a v e  ( r a r e f a c t i o n )  moves. 

L e t  us dwell  i n  somewhat g r e a t e r  d e r a i l  on t h e  case of Maxwell d i s t r i ­
but ion.  Employing system (5) ,  w e  may s ta te  t h a t  i n  t h i s  case Vs, D./n doJ 
n o t  depend on n ,  and consequently are motion i n t e g r a l s .  The e l e c t r o n  t e m ­
p e r a t u r e  and t h e  d i s t r i b u t i o n  func t ion  F/n, which is  normalized t o  one 
p a r t i c l e ,  do n o t  change during w a v e  propagation. Thus, i n  t h e  case of 
a M a x w e l l  v e l o c i t y  d i s t r i b u t i o n  of e l e c t r o n s  i t  i s  v a l i d  t o  desc r ibe  a 
two-temperature plasma by means of isothermic hydrodynamics. 

I n  o rde r  t o  determine t h e  manner i n  which t h e  form of t h e  sound wave /146 
changes, i t  i s  necessary t o  compute t h e  d e r i v a t i v e  dV/dn [see (Ref. 7 ) ] .  
Employing t h e  system of equat ions (5), and assuming, f o r  purposes of 
d e f i n i t i o n ,  t h a t  E = 1, we o b t a i n  

139 




Depending on the electron distribution function, dV/dn may be positive, 
negative, equal to zero, or alternating [positive for single values of 
the parameter B and negative for other values of this parameter, see 
formula ( 6 ) ] .  (We should point out that the derivative dV/dn is always 
positive both in customary and in magnetic hydrodynamics.) 

If dV/dn > 0 for all values of the parameter 6, then (just as in 
customary hydrodynamics)points with a large density move at a large velo­
city. Therefore, discontinuities arise at the contraction sections.** 
Self-similar waves are rarefaction waves. In particular, this possibility 
exists for a Maxwell electron velocity distribution and for a distribution 
in the form of a step F Q, 0 (vE(n) - v2), 0 (x) = (1+ sign x). 

If for all values of B ,  dV/dn = 0,all the points move at the same 
velocity during wave propagation. Therefore, the wave profile is not 
deformed and no discontinuities arise. Employing equations (5) and (7),  
wf may state that the velocity of two-temperature sound and the 

tyB 12 change in an inverse proportion to density, Vsn = const, Bnguanconst.= 

The case dV/dn = 0 is realized, in particular, for a Cauchy distribution 
F Q, (vi(n) + v21-2. 

If dV/dn 5 0 (independently of the value for the parameter B ) ,  then 
points with a large density move at a low velocity. Therefore, discon­
tinuities arise in the rarefaction sections. Self-similar waves are con­
tractions waves. This possibility is realized, in particular, if the dis­
tribution function is the superposition of two Cauchy distributions 

We should note that in this case the velocity Vs increases in the rarefac-­/147 


tion wave, and decreases in the contraction wave. 


Finally, let us discuss the case when dV/dn may be both positive and 
negative, depending on the value of the parameter B. For purposes of 
definition, we shall assume that dV/dn > 0 in the case of B > 61 and 
dV/dn < 0 in the case of B < B 1 ,  where 81 is a certain critical value of 
the parameter B.  When a contraction wave moves in such a plasma, the 

** 	 We have employed the term "discontinuity" to designate the narrow 
regions in which the gradients of the quantities characterizing the 
plasma become so large that the initial equations (2) are not 
applicable. In the case of a/A $1, sound dispersion must be taken 
into account. With a further increase in the gradients, multi-flux 
flows [see (Ref. 4)] or shockwaves may arise in these regions. 
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I 1apex" of the wave (points with the density n > nl, where nl is deter­
mined from the equation B(n1) = B1) lags behind the "base" of the wave 
(points with n < nl). Therefore, the density at the point of the dis­
continuity which develops from such a wave cannot exceed nl. A discon­
tinuity may also arise during the motion of a rarefaction wave. Thus, 
the density cannot be less than nl at the discontinuity point. If, on 
the other hand, dV/dn < 0 in the case of B > 82 and dV/dn > 0 in the 
case of B < 62, then -- as may be readily confirmed -- the density at 
the discontinuity point cannot exceed n2 when a discontinuity develops 

from a rarefaction wave, and cannot be less than np when a discontinuity 

develops from a contraction wave (the critical density n2 is determined 

from the equation B(n2) = 82). 

Both of the above possibilities may be realized, in particular, if 

the electron velocity distribution is a superposition of two Maxwell dis­

tributions, ''hot" and llcoldll, 


For small density values (n (( (a lT~'2 /a2T~/a)Tx'T1 ), according to equations ( 6 ) ,  
(7), V I =  aln; v 2  = a2nTi/Tx(a1, a2 -- constants). It may be readily confirmed 
that in this case dV/dn > 0 in the case of n < nl and dV/dn < 0 in the case 

T;/Z T d T ,
of n > nl, where n1 = (2.v) . For large density values (n  >> a;T;'2/aiTi/x) 

e , 

v1 = a;nTz'T1;v 2  = a;n (a,,a2 -- constants). In this case, dV/dn < 0 for 
a I 
n < n2 and dV/dn > 0 in the case of n > n2, where n2 = 	- , ( T , / T ~ ) Y ~ .  
2= 2 

Let us investigate the motion of a two-temperature plasma arising 
during its uniform contraction or expansion [similarly to the problem of 
the plunger in hydrodynamics, see the monograph (Ref. 711.  We shall 
assume that the plasma occupies the halfspace x > Vot, which is uniformly /148 
limited by a moving plane. (Such a boundary may represent, in particular, 
the region of a very strong magnetic field.) As is well known, only self-
similar waves (in the absence of shock waves) can be steady motions of 
a uniformly contracted (or expanding) medium. If dV/dn > 0, a self-
similar wave (which is in this case a rarefaction wave) arises during 
plasma expansion (Vo < 0). If dV/dn < 0, a self-similar wave (which is 
in this case a contraction wave) arises during plasma contraction (Vo > 0). 

Employing formulas (5), ( 6 ) ,  (7 ) ,  we may relate the change in all 
the quantities X characterizing the plasma in a self-similar wave with the 
11plunger" velocity VO. Assuming, for purposes of simplicity, that 
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Vo << Vs '  we obtain 
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NONLINEAR PROCESSES IN A UNIFORM AND ONE-COMPONENT PLASMA 

N. A. Khizhnyak, A. M. Korsunskiy 

Nonlinear solutions of a one-dimensional kinetic equation without a 
collision term, which depend on x and t by the combination 5 = x - Vgt, 
where -- Vg is the constant wave velocity, were compiled in (Ref. 1) /149 
and studied for several cases in (Ref. 1 - 4). The conditions at which 
these solutions may be realized were found in (Ref. 4), and a limiting 
transition to small oscillations was performed. 


General-Theory of Nonlinear Waves 


This article investigates the more general nonlinear solutions of 

a one-dimensional kinetic equation without collisions 


where 0 is the potential of the self-consistent 
efactor -m' determined by the Poisson equation 

(1) 


electric field with the 


where no is the unperturbed density of ions whose mass is assumed to be 

infinitely large. It is assumed that the distribution function f depends 
only on the variables u and 4 .  Then the electron density 

the density of the electron flux 

( nu ) = j u f d u  = @ ( y )  

and the energy density 

( n 2  ) = s f(u)-du=Y(p)Ya 
are explicit functions of only the potential I$. 


(4) 


(5) 

We shall show that in this case the main plasma characteristics may 

be compiled within the framework of a hydrodynamic approximation, and 

that the electron velocity distribution function may be found relatively 

simply. From the equation of continuity 
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a(a: ) +z ( nu = O  
c 

we find that the potential must satisfy the following equation 


0' 
where Vo = A is a certain velocity of longitudinal waves in the plasma

F'
0 

which depends on the potential 4. It can be readily seen that the specific /150
solutions depending on x - Vot, where VO = const, are special cases of 
equation (6) in the case of VI)($) = const. 

From this point on, it will be assumed that the function V o ( $ )  is 
given, and it may be employed to formulate the solutions both for the 

equations of the hydrodynamic approximation and for the kinetic equation. 


The equations of the hydrodynamic approximation 


may be r,educedto equation (6)  and to the equation for hydrodynamic velo­
city v(x, t). In actuality, since 

it follows from expressions (3) and (4) that v = v($). Therefore, the 
Navier-Stokes equation (Ref. 7) has the following form 

and is identical to equation (6), if only v(4) is determined by the equa­
tion 

The electron plasma density <n> may be found from the specific wave 
velocity Vo($) and the hydrodynamic velocity v($) from equation ( 8 ) ,  by 
means of the following relationship 
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which follows from the equation of continuity. Thus, the dependence 
of the main hydrodynamic plasma parameters on the potential $I is always 
formulated in quadratures for a certain Vo($). 

The potential of the self-consistent field $I is determined according 
to equations ( 6 )  and (2). The general solution is found in the following 
form from equation ( 6 )  according to a certain function Vo($I) 

where c = c(x, t) is the equation of its characteristic. The characteris­
tics of a quasilinear equation in partial derivatives ( 6 )  may be com­
piled according to the well known method (Ref. 5). 

We shall regard t, x and $I as functions of a certain parameter s .  /151 
Then the parametric equation of characteristics can be written as 
follows 

from which it follows that $I equals $ 0  and does not depend on s .  There­
fore, x = V o ( $ I ) s  + %and t = s + t0,where xo, to and $0 are the values of 
t, x and $I on a certain line s = 0 through which the characteristics pass. 
In particular, if primary interest is directed toward the development of 
moving waves, which is caused by the nonlinearity of the medium, xo, to 
and $ 0  must characterize a given initial moving wave. 

Let us assume that at the inttial stage of the process there is a 

given moving wave with a constant phase velocity WO. We then have 


f =7; x, = wo7, 'Po = 'Po (4, 

where $ o ( T )  characterizes the initial dependence of the field potential 
on time. In this case, we have 

and after excluding s we find T from the following equation 

x = v, ('p (7))( t  -.) + wo'F* 

which determines the characteristics of the quasilinear equation ( 6 )  
T = T(X, t). Using the characteristics from equation (2), let us deter­
mine the field potential in the plasma $I(x, t) and all of the hydrodynamic 
parameters of the medium. 
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W e  can f i n d  the e l e c t r o n  v e l o c i t y  d i s t r l b u t i o n  func t ion  from t h e  
k i n e t i c  equat ion (1). Actual ly ,  s-inee equat ion (1) is transformed i n t o  
t h e  following form, t o g e t h e r  with equat ion ( 6 ) ,  

t h e  equation of c h a r a c t e r i s t i c s  

enables  us t o  f i n d  t h e  p a r t i c l e  v e l o c i t y  d i s t r i b u t i o n  funct ion i n  a 
gene ra l  form from t h e  p o t e n t i a l  Q and t h e  k i n e t i c  v e l o c i t y  u. Since t h e  
p o t e n t i a l  Q may be compiled wi th in  t h e  framework of t h e  simpler hydrody­
namic approximation, t h e  s p e c i f i c  dependence of t h e  d i s t r i b u t i o n  func t ion  
on t h e  coordinates  and t i m e  has been e s t ab l i shed .  

Propagation of Waves i n  Media-with Linear Dispejsion 1152 
~~ 

W e  s h a l l  assume t h a t  t h e  given l a w  f o r  t he  dependence V O ( @ )  of t he  
nonl inear  wave phase v e l o c i t y  on p o t e n t i a l  determines t h e  l a w  of t h e  
medium dispers ion.  W e  s h a l l  study non l inea r ,  nonstat ionary waves i n  a 
medium with l i n e a r  d i spe r s ion  

vo ((PI = v, +y'p, 

where Vo and y are c e r t a i n  constant  parameters. 

We s h a l l  d i s r ega rd  the  plasma p res su re ,  s o  t h a t  equation ( 8 )  assumes 
t h e  following form 

The dependence of t h e  hydrodynamic v e l o c i t y  v of t h e  plasma on t h e  poten­
t i a l  can be determined according t o  t h e  following r e l a t i o n s h i p  

where x = v - V o ;  c -- i n t e g r a t i o n  constant .  I n  t h e  case of v = Vo,.dis­
pe r s ion  disappears ,  i .e . ,  i n  t h e  sense t h a t  Va is  t h e  l i m i t i n g  plasma 
v e l o c i t y  a t  which the  e l e c t r i c  f i e l d  p o t e n t i a l  vanishes.  W e  then have 

'p = -1 [(yX + 1) -elx] .
r2 
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Since 

t h e  e l e c t r o n  plasma dens i ty  may be  found according t o  formula (9) 

Since 

where xo is  t h e  value v = Vo a t  which t h e  e l e c t r o n  dens i ty  equals  t h e  ion  
dens i ty .  

Consequently, t h e  Poisson equat ion can be w r i t t e n  as follows /153 

and x may be found from r e l a t i o n s h i p  ( 9 ) .  

L e t  us determine the  c h a r a c t e r i s t i c  of equat ion ( 6 )  f o r  t h e  l i n e a r  
d i spe r s ion  l a w  

x = w o  + y f J 0  (711 ( t  -7 )  -I- W,T. 

L e t  us assume t h a t  a t  an i n i t i a l  moment of t i m e  t h e  f i e l d  i s  switched on 
whose p o t e n t i a l  i n c r e a s e s  l i n e a r l y  wi th  t i m e :  

W e  t hen  have 
-
T ( V ,  -wo)- t T 

from which i t  fol lows t h a t  
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-- 

drp 

Consequently, the characteristic is real only up to a certain value Xbound 

which depends on time 


x = V,t +m t +-T (wo- V,)le.bound 4T I. . 'POT 

If X>xbound,the signal which is switched on in the case of T = 0 has still 
not reached the point under consideration. If x<Xbound,the characteristic 

is determined in more than one way (it has two values). The requisite 

value of the characteristic is determined by additional considerations. 


The propagation rate of the front boundary is 


2 

Consequently, for y > 0 the front velocity increases with the time, while 
in the case of y < 0 it decreases. 

The velocity of a point with a constant given potential, as may be 
seen from (9), is determined by the wave phase velocity VO($), i.e., by 
the specific value of the potential $. We may formulate the potential and 
the electron velocity distribution function by the hydrodynamic parameters 
which are found. 

Electron Velocity Distribution Function in the I154 

Case of a Square Dispersion Law 


Let us find the electron velocity distribution function in the case of 

media with a square dispersion law 


V,(cp) = v, fm. 
The equation of characteristics 


a = -x,  f l/q, 
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where xi = u - VO; u -- e l e c t r o n  k i n e t i c  v e l o c i t y  i n  t h e  plasma, can be  
i n t e g r a t e d  by s u b s t i t u t i n g  $ = x:t. 

W e  f i n a l l y  f i n d  

const 

f o r  a p o s i t i v e  s i g n  of t h e  r o o t ,  and 

m (u -V,)Z -2y 
2kT 1(u - Vo)2-1/ (u - Vo)* 

f o r  a nega t ive  s i g n  of t h e  r o o t .  

The s o l u t i o n s  of (10) and (11) enable  us t o  compile t h e  d i s t r i b u t i o n  / I55 
funct ions i n  t h e  case of $I -t 0 which change i n t o  a M a x w e l l  d i s t r i b u t i o n .  
On t h e  o t h e r  hand, a l l  t h e  d i s t r i b u t i o n s  changing i n t o  Maxwell d i s t r i b u t i o n s  
i n  t h e  case of I$ 3 0 ,  i n  regions wi th  a non-zero e lectr ic  f i e l d ,  have t h e  
following form 

f = A exp C, for u > V,; 
f = A e x p C 2  f o r  u < V o .  

Consequently, e l e c t r o n s  have v e l o c i t i e s  l y i n g  o u t s i d e  of t h e  boundaries 

and 
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The electrons whose velocities are included within 


are damped by a wave, and are not included in the d-stribution functions 

of (10) and (11). The relationships obtained enable us to study the 

collisionless transition of electrons from the region of trapped particles 

into other plasma electrons and the associated energy distribution. 
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INDUCED SCATTERING O F  LANGMUIR OSCILLATIONS I N  A PLASMA 
LOCATED I N  A STRONG MAGNETIC FIELD 

V. D. Shapiro,  V. I. Shevchenko 

This art icle i n v e s t i g a t e s  t h e  non l inea r  i n t e r a c t i o n  of harmonics i n  /156 
t h e  long wave s p e c t r a l  region of Langmuir o s c i l l a t i o n s  (kyDe e l ) .  The 
l i n e a r  damping of t h e s e  o s c i l l a t i o n s ,  which is  caused by t h e  i n t e r a c t i o n  
with resonance p a r t i c l e s ,  i s  n e g l i g i b l y  s m a l l .  It is assumed t h a t  t h e  
plasma is  loca ted  i n  a r a t h e r  s t r o n g  magnetic f i e l d ,  so t h a t  t h e  plasma 
p a r t i c l e  o s c i l l a t i o n s  are p o s s i b l e  only i n  t h e  d i r e c t i o n  of t h e  magnetic 
f i e l d  which is p a r a l l e l  t o  02. 

The i n i t i a l  system of equat ions f o r  t h e  d i s t r i b u t i o n  func t ions  of 
e l e c t r o n s  and ions  and t h e  e lectr ic  f i e l d  has  t h e  following form 

a\ 
-k + i(k,v, ­d t  

X exp {-i (UT-; -I- m+4 -w;) f); 

E ( 3 )  
- 2 T k  

( fo  i s  t h e  background d i s t r i b u t i o n  func t ion  whose change with t i m e  can be  

disregarded,  due t o  t h e  s m a l l  number of resonance p a r t i c l e s  ($-kAoe << 1) 

and t h e  s m a l l  d i s s i p a t i o n  of o s c i l l a t i o n  energy during s c a t t e r i n g ) .  The 
n o t a t i o n  i n  equat ions (1) - ( 3 )  is  s tandard;  summation i n  equation (2) is  
performed f o r  plasma ions  and e l e c t r o n s .  W e  obtained t h e  following rela­
t i o n s h i p  f o r  damping frequency and decrement, d i s r ega rd ing  the  nonl inear  
terms i n  t h e  f i r s t  equa t ion ,  from equat ions (1) and ( 2 ) :  

( 0  is  the  angle  between t h e  d i r e c t i o n  of o s c i l l a t i o n  propagation and t h e  /157 
magnetic f i e l d ) .  The non l inea r  i n t e r a c t i o n  of harmonics l e a d s  t o  a change 
i n  t h e  o s c i l l a t i o n  spectrum due t o  processes of w a v e  decay and s c a t t e r i n g  
by plasma p a r t i c l e s .  The l a w s  of conservat ion must be  f u l f i l l e d  i n  t h e  
- ~* c. c. = complex conjugate.  
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case of two-plasma decays 


-f -f
Assuming that kl and k2 lie in one plane, we obtain the following condi­
tion for the spectrum (4) from (5): 

k ,  COS 0, j,k ,  cos e, _ -- COS e, _t cos e2. 
l/ki i-k i  f 2k,k ,  cos (Q,- Q2) 

Decay is possible if kl, > 0, kZz < 0, which corresponds to the sign "--" 
in condition ( 6 ) .  In several cases, the spectrum of Langmuir oscillations 
in a strong magnetic field is a nondecay spectrum, particularly if it is 
close to a one-dimensional spectrum 01 2 02*. 

Nonlinear wave scattering is caused by the interaction of plasma parti­

cles with the beats of different frequency. This process becomes signifi­


m---o -
cant if the condition h'  k 2 e  vTe. is fulfilled. The beats which are 

k l z  - k2 ,  

the cause of wave scattering cannot arise due to decay, since the following

condition is fulfilled for the waves formed during the decay 


w- -0- 0-

Therefore, in this case the processes of wave decay and scattering are in­

dependent. The transformation of the oscillation spectrum due to the non­

linear scattering process will be subsequently investigated. 


In solving the nonlinear equation (l), we shall employ the method of /158 

perturbations. Substituting f$, which is found from the linear theory,


k 
in the nonlinear terms of this equation, we may employ (2) to obtain the 
following formulas for the electric field amplitude and the distribution 
function in the second approximation 


* 	 Ion oscillation branches are'notexamined. Actually, in the approxima­
tion under consideration, decay of a Langmuir wave into a Langmuir 
ion-sound wave is possible. However, the energy primarily remains in 
high-frequency oscillations (Ref. 1). 
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4 


In the third approximation, the system of equations for determining 

the electric field amplitude and the distribution function has the 

following form 


(2),where E + f':) are determined from formulas (7). We obtain the kinetic /159 
k k 


equation for waves from these equations by simple computations: 


aE,  + -­
2=y+E'-. -i- H (k,q, X )  E ,  ,E ,  + Xat k kz  k - q z  q-7.2 

4. 


153 




where y+ is t h e  decrement of Landau l inear damping:
k 

a a J k-q q - x  X 

* Multiplying (9)  by E+ , averaging over t i m e  (only the  terms wi th  /160 
kz


+ +  + + +  

X = k and x = q - k, which change slowly with t i m e ,  remain i n  the  r igh t - 

hand s ide )  and combining t h e  equation obtained with t h e  complex conjugate 

one, w e  can w r i t e  


k 
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I n  computing t h e  i n t e g r a l s  included i n  equat ion (12) ,  w e  assume t h a t  
t h e  following condi t ions are f u l f i l l e d :  w+ >> kvT, which corresponds t o  

k 
weak wave absorp t ion ,  and u + 2  w+, which i s  necessary i n  order  t h a t  a s ig ­

k q 
n i f i c a n t  number of plasma par t ic les  may p a r t i c i p a t e  i n  the  i n t e r a c t i o n  
with bea t s  of d i f f e r e n t  frequency. L e t  us i n v e s t i g a t e  t h e  case when t h e  
con t r ibu t ion  made by ions t o  t h e  plasma p o l a r i z a b i l i t y  a t  a d i f f e r e n t  

frequency i s  neg l ig ib ly  s m a l l  -- i .e . ,  t h e  condi t ion 
(w, -4 

0 - ) 2  
'L 

me k q 
2, mi k4hL, << 1. i s  f u l f i l l e d .  Then, assuming t h a t  t h e  d i s t r i b u t i o n  func- /161 
t i o n  of t h e  p lasma p a r t i c l e s  f g  i s  a M a x w e l l  d i s t r i b u t i o n ,  w e  ob ta in  t h e  

following from equat ion (12) a f t e r  very cumbersome computations 

The increment $ t k , e , q , 0 ' )  which determines the  induced s c a t t e r i n g  rate 
of plasma o s c i l l a t i o n s  i n  k-space d i f f e r s  considerably from zero  only i n  

t h e  narrow range of angles  : 10' -8 I -	' T c- i n  t h e  case of 0 # 0 and 
%

I--

I 8 - 9 ' I  gl/ 2 i n  t h e  case  of 0 2 0. 
9 

Thus, during s c a t t e r i n g  t h e  spectrum which is i n i t i a l l y  one-dimensional 
remains c lose  t o  a one-dimensional spectrum. I n  the  case of 0' - 0

Y 
it  

coinc ides  wi th  t h e  increment obtained previously i n  a one-dimensional model, 
w i th in  an accuracy of t h e  f a c t o r  cos 8 (Ref. 2 ,  3 ) .  It inc reases  somewhat 

2 1with an inc rease  i n  0 - 0 '  Y'E-- up t o  ~ ' & ~ ~ sq)A,, yr f(6 =0'). and- (k ,-
then r ap id ly  decreases  t o  0. 
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I n  t h e  real case of a confined plasma t h e  spectrum of t h e  values 8 

i s  always d i s c r e e t ,  and f o r  a s u f f i c i e n t l y  s m a l l  r a t i o  	VTe only one 
V @  

poss ib l e  value 8'  = 8 can e n t e r  t h e  angular  range 8'  - 8 i n  which y R R  
is l a r g e .  The s c a t t e r i n g  of plasma o s c i l l a t i o n s  i n  a s t rong  magnetic 
f i e l d  then  takes  p lace ,  i n  f a c t ,  i n  t h e  same way as i n  a one-dimensional 
model, i n  c o n t r a s t  t o  s c a t t e r i n g  of o s c i l l a t i o n s  i n  a plasma which is no t  
l oca t ed  i n  a magnetic f i e l d .  I n  t h e  l a t te r  case, s c a t t e r i n g  at l a r g e  
angles  i s  poss ib l e ,  and, if t h e  angle  between the  wave vec to r s  of two 

i n t e r a c t i n g  waves considerably exceeds VTe yRRincreases by a f a c t o r  of 
v @

1 as compared wi th  yRRi n  a one-dimensional model (Ref. 4, 5 ) .  The 
k2Xge 
con t r ibu t ion  made by ions  t o  t h e  plasma d i e l e c t r i c  constant  i s  q u i t e  s ig -

O& coS2 e
n i f i c a n t  when t h e  condi t ion 

(UT - ";)2 1 is f u l f i l l e d .  W e  should note  

t h a t  t h i s  condi t ion i s  f u l f i l l e d  most r e a d i l y  i n  t h e  case of 8 1 8 ,  when 

t h e  d i f f e rence  w+ - w+ i s  a t  a minimum: 01, -o, CL 
3 

woe cos 0 (k2- q2)A i e  and /162 
k q k q 

cosz e me 1 "a 1 m-.­(wc-"-)"- mi  k4ALe 
- Assuming t h a t  t h e  condi t ions  ;;;;* 

" D e  
>> 1 N 	-'X

mi 
4 


x- 1 < I ,a r e  f u l f i l l e d ,  w e  ob ta in  t h e  following expression from (12) i n  
k'A& 

t h e  case of 8 = 8 '  f o r  y R R  

i .e. ,  i n  t h i s  case yRRincreases  somewhat as compared with (13). In  t h e  
- 2 

case of o + 0' COS 0 -COS e' -. - wol me 
X -1 and when t h e  condi­

kzAie  

t i o n  	 *e- - -1 << 1 is  f u l f i l l e d ,  4-R is determined i n  t h i s  region by formula 
fni k2A& 

We should r e c a l l  t h a t  t h i s  i n v e s t i g a t i o n  p e r t a i n s  t o  a case when t h e  
plasma is  loca ted  i n  a magnetic f i e l d  which is  s o  s t rong  t h a t  t h e  plasma 
p a r t i c l e  o s c i l l a t i o n s  are only poss ib l e  i n  t h e  d i r e c t i o n  of t h e  magnetic 
f i e l d .  The condi t ion of "magnetization" of t h e  e l ec t ron  component, as i s  
customary, has t h e  form w o e  << %e, i.e.,  i t  i s  f u l f i l l e d  for f i e l d  
s t r e n g t h s  which are not  too l a rge .  I n  t h i s  case, when t h e  ions  make a 
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s i g n i f i c a n t  con t r ibu t ion  t o  t h e  d i e l e c t r i c  constant  of t h e  plasma, i t  
must be  required t h a t  t h e  i o n  plasma component be "magnetized". The 
corresponding condi t ion  is harder :  

L e t  us t u r n  t o  c e r t a i n  genera l  c h a r a c t e r i s t i c s  of t h e  nonl inear  
change i n  the  wave spectrum. Since t h e  increment of nonl inear  s c a t t e r i n g

+ +  +#'(k, 8 ,q ,e ' )  i n  t h e  one-dimensional case 8 = 8' changes s i g n  when k + q 
i s  s u b s t i t u t e d  [ see  formulas (13) ,  (14) ] ,  t h e  change i n  t h e  t o t a l  o s c i l l a ­
t i o n  energy during s c a t t e r i n g  i n  t h e  approximation under cons idera t ion  

Employing formulas (13) ,  (14) ,  w e  may a l s o  r e a d i l y  see t h a t ' t h e  non- /163 
l i n e a r  i n t e r a c t i o n  of harmonics leads  t o  a t r a n s f e r  of energy along t h e  
spectrum t o  s m a l l e r  k: 

The t o t a l  o s c i l l a t i o n  energy during s c a t t e r i n g  by plasma p a r t i c l e s  
changes i n  the  subsequent s e r k s w i t h  respec t  t o  k2X2 , s i n c e  i n  t h i s  

D e  
approximation an add i t ion  t o  pRappears , which is  symmetrical with respec t

+ +  
t o  t h e  k f  q s u b s t i t u t i o n .  Assuming, f o r  purposes of s i m p l i c i t y ,  t h a t  
t h e  o s c i l l a t i o n  spectrum is  one-dimensional, w e  ob ta in  the  equat ion f o r  
t h e  change i n  the  t o t a l  energy i n  the  spectrum: 

k 9  


The second term i n  t h i s  equat ion which descr ibes  t h e  o s c i l l a t i o n  energy 
change during s c a t t e r i n g  becomes more s i g n i f i c a n t  than t h e  f i r s t  term, 
which cha rac t e r i zes  t h e  o s c i l l a t i o n  energy change as a r e s u l t  of t h e i r  
i n t e r a c t i o n  wi th  resonance particles,  when the  following condi t ion is 
f u l f i l l e d  
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i.e., for relatively small oscillation amplitudes lEkI2 << NOT, if the 

parameter -VTe is fairly small. 

V@ 


The possible dissipation of oscillation energy when they undergo 

nonlinear scattering by plasma particles was pointed out in (Ref. 6, 7). 

However, for Langmuir oscillations this phenomenon is k2Xge times less 


than the change in the field intensity in separate harmonics in the spec­

trum due to energy transfer. 
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NONLINEAR THEORY OF LOW FREQUENCY OSCILLATIONS EXCITED 
BY AN ION BUNDLE IN A PLASMA 

D. G. Lominadze, V. I. Shevchenko 


As is well known, in the case of the interaction between a bundle 
of rapid electrons and a plasma, the energy lost by the bundle during 
relaxation changes into thermal energy of electrons in the plasma and in 
the bundle, and into energy of high frequency Langmuir oscillations 
(Ref. 1). When investigating the possibility of heating the plasma ion 
component during bunched instabilities, it is of interest to investigate 
the excitation of low frequency oscillations by the bundle, in the non­
linear approximation. A previous article by D. G. Lominadze (in collabora­
tion with K. N. Stepanov) investigated the linear theory of low frequency 
oscillation excitation in a plasma located in a magnetic field by an ion 
bundle. In a strongly non-isothermic plasma (Te > >  Ti), during the passage 
of an ion bundle,longitudinal longwave kLvLa << 1) oscillations nay be( WHa 
excited, whose frequency is determined by the following relationship 

where 

w: 

qri,e is the Larmor frequency of ions and electrons, respectively; 0 -- 1165 
+

the angle between Hg and the direction of oscillation propagation. If 

Ti % Te, the ion bundle can excite longitudinal shortwave oscillations 

lvTi % 1 in the plasma with the frequencies (Ref. 2)L )  
n= 1, 2, ..., 

2 
kLvTi 

where vi = -; In(pi) is the Bessel function of the imaginary argument.
c) 


OLHi 


The process by which bunched instabilities develop may be 
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q u a l i t a t i v e l y  divided i n t o  two s t ages  (Ref. 1). I n  t h e  i n i t i a l  (hydro­

dynamic) s t a g e ,  t h e  bundle remains monoenergetic 

\ 
thermal v e l o c i t y  of bundle ion  and i n s t a b i l i t y  develops very r ap id ly ;7 

Tr - ;(no, n, -- d e n s i t i e s  of plasma and bundle, n l  << no, w 

e x c i t a b l e  frequency).  For r a t h e r  l a r g e  o s c i l l a t i o n  amplitudes,  t h e  

TI
thermal energy i n  t h e  bundle i s  s o  l a r g e  (“I- 1) t h a t  t h e  bundle 

r e l a x a t i o n  may be  inves t iga t ed  i n  t h e  q u a s i l i n e a r  approximation (quasi­
l i n e a r  s t a g e ) .  The t i m e  requi red  f o r  t h e  development of t h i s  i n s t a b i l i t y  

~~~~~iis  on the  order  of 	no 1 
n l  w ’  

This art icle i n v e s t i g a t e s  t h e  development of i n s t a b i l i t y  a t  the  f i r s t  
s t a g e ,  t he  most uns tab le  o s c i l l a t i o n  branches are found which produce t h e  
dynamics of t h e  i n s t a b i l i t y  development, and t h e  change i n  the  macroscopic 
parameters of t h e  bundle and t h e  plasma is  determined (thermal energy, di­
r ec t ed  ve loc i ty )  i n  t h e  case of i n s t a b i l i t y .  I n  a s t rong  magnetic f i e l d  
( y I i  >> us) i t  is poss ib l e  t o  t r a c e  t h e  development of i n s t a b i l i t y  a t  t h e  
q u a s i l i n e a r  s t a g e  and t o  determine t h e  state a t  which t h e  bundle and the  
plasma a r r i v e  as a r e s u l t  of t h e  q u a s i l i n e a r  r e l a x a t i o n  process .  

~~Exc i t a t ion  of Longwave,Low Frequency O s c i l l a t i o n s  1166 

W e  s h a l l  assume t h a t  a t  t h i s  s t age  t h e  following condi t ion is  fu l ­
f i l l e d  

i *  
k b 

(3) 

(6u i s  t h e  change i n  t h e  bundle v e l o c i t y  a t  t h e  i n i t i a l  s t a g e ) ,  a t  which 
the  d i spe r s ion  equat ion of longwave o s c i l l a t i o n s  has  t h e  form 

n ( 4 )  

When i n v e s t i g a t i n g  t h e  d i spe r s ion  equat ion ( 4 ) ,  w e  can examine two cases. 
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1. y ~ i<< us (weak magnetic f i e l d ) .  During Cherenkov e x c i t a t i o n  
(w = k, u o ) , o s c i l l a t i o n s  wi th  the frequency 

have t h e  l a r g e s t  i nc reas ing  amplitude increment. The maximum value  of 
t h e  corresponding increment is 

The formation of i n s t a b i l i t i e s  i n  t h i s  case is poss ib l e  i n  t h e  case of 
cos 0 < -,vS i f  uo > vs, and f o r  any cos 0 ,  i f  uo < vs (vs =e)

u O  

2. %i >> us ( s t rong  magnetic f i e l d ) .  I n  t h i s  case,  ion-sound waves 

with t h e  frequency w = w
S 

cos 0 have t h e  l a r g e s t  increment. The increas ing  

increment of t hese  waves is  

vSExci ta t ion  of o s c i l l a t i o n s  i s  poss ib l e  i f  	- > 1. 
UO 

Relat ionships  ( 4 )  - (6) w e r e  obtained by d is regard ing  damping by 1167 
plasma e l e c t r o n s ,  which is v a l i d  i f  t he  following condi t ions  a r e  f u l f i l l e d  

I f  condi t ion  (3) i s  f u l f i l l e d ,  a l l  of t h e  bundle p a r t i c l e s  are i n  resonance 
with t h e  wave, and i t s  hydrodynamic desc r ip t ion  is poss ib l e  by means of 
t he  moments of t h e  v e l o c i t y  d i s t r i b u t i o n  func t ion  

W e  can ob ta in  the  equat ions descr ib ing  t h e  change i n  these  q u a n t i t i e s  with 
t i m e  from t h e  k i n e t i c  equat ion of t h e  Fokker Planck type,  which is  der ived 
i n  (Ref. 3) 
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B = e, i pertain, respectively, to plasma electrons and ions and bundle 
ions; "ik -- diffusion coefficients in velocity space: 

Here we have 


r
The frequency w +  and the increment y+  are determined by the disper- 1168

k k 
sion relationship of the linear theory ( 4 ) .  

We obtain the system of equations for the change in the "bundle" 

parameters due to the development of instability from formula (7) 
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The change with t i m e  of IEr: l 2  i s  descr ibed by t h e  following equat ion 

W e  may o b t a i n  t h e  equat ion f o r  t h e  change i n  t h e  plasma i o n  para­
meters from formulas ( 9 ) ,  assuming t h a t  u: = 0. The condi t ion f o r  t h e  

kAvi 
a p p l i c a b i l i t y  of a hydrodynamic d e s c r i p t i o n  of plasma ions  -<< 1 is  

w 

less hard i n  t h e  case of ni << no than equat ion (3) ,  and t h i s  d e s c r i p t i o n  
is app l i cab le  throughout the entire development of i n s t a b i l i t y .  

I n t e g r a t i n g  equat ions (9) with r e s p e c t  t o  t ,  w e  o b t a i n  t h e  equat ions 
determining t h e  change i n  t h e  energy of d i r e c t e d  bundle motion and i n  t h e  
thermal energy of i ons  of t h e  bundle and t h e  plasma. 

I n  t h e  case of a weak magnetic f i e l d  (%i << us), w e  have /169 

I n  t h e  oppos i t e  case (%i >> us), w e  have 

n,Mu,8u =- 1 1 

I - - _.2 k 
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The change i n  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  i n  t h e  case of 
i n s t a b i l i t y  is  determined according t o  t h e  following equat ion 

The phase v e l o c i t i e s  of t h e  exc i t ed  o s c i l l a t i o n s  change between V T i  << 

<< v 9  << vTe. Therefore,  t h e  main po r t ion  of plasma e l e c t r o n s  i s  i n  /170 
resonance wi th  t h e  waves v >> v9. The change i n  t h e  e l e c t r o n  d i s t r i b u ­
t i o n  func t ion  f o r  t hese  v is descr ibed by t h e  equat ion 

Thus, f o r  a change i n  t h e  e l e c t r o n  thermal energy i n  t h e  case of i n s t a ­
b i l i t y ,  w e  ob ta in  t h e  following i n  the  case of a weak magnetic f i e l d  

k 

and i n  t h e  case of a s t rong  magnetic f i e l d  

For plasma e l e c t r o n s  which are i n  resonance wi th  exc i t ed  o s c i l l a t i o n s ,  

whose v e l o c i t i e s  l i e  i n  t h e  narrow range - 6 6,Av w e  ob ta in  t h e  following
VTe 

expression from equat ion (13) 

-
Changing t o  t h e  v a r i a b l e �  =L(f; < E  < 1) i n  formula (17) and 

Us 

represent ing  f o e  i n  t h e  following form 
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01) is t h e  po r t ion  of t h e  e l e c t r o n  d i s t r i b u t i o nwhere Y ( � 9  f ) l t = o  = F ,  /e (* 
func t ion  depending on vl, w e  ob ta in  t h e  following equat ion f o r  t h e  change 
i n  $ ( e ,  t )  	

a y - - .  1 ea WE nr2 

a ? - %  s'3'${il (19)US 


The i n t e r a c t i o n  of resonance e l ec t rons  wi th  o s c i l l a t i o n s  leads  t o  / 1 7 1  
t h e  occurrence of a p l a t eau  i n  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  i n  t h e  
region of exc i ted  o s c i l l a t i o n  phase v e l o c i t i e s .  The t i m e  requi red  t o  
e s t a b l i s h  t h e  p l a t eau  may be determined from formula (19): 

( A E  -- t h e  dimensionless width of t h e  p l a t eau ) .  

The change i n  t h e  energy of resonance e l e c t r o n s  i s  

i . e . ,  i t  is  considerably less than t h e  change i n  t h e  t o t a l  energy of plasma 
e l ec t rons .  

W e  may determine t h e  balance of energy during t h e  development of 
i n s t a b i l i t y  from formulas (11) and (15) ,  (12) and (16):  The energy of 
d i r ec t ed  motion, which is  l o s t  by a bundle,  changes i n t o  t h e  thermal 
energy of p a r t i c l e s  i n  t h e  bundle and t h e  plasma and i n t o  energy of 
e l e c t r o s t a t i c  o s c i l l a t i o n s .  Since condi t ions  (3)  must be f u l f i l l e d  i n  
t h e  i n i t i a l  (hydrodynamic) s t a g e ,  w e  may r e a d i l y  e s t i m a t e  t h e  maximum 
energy of o s c i l l a t i o n s  exc i t ed  a t  t h i s  s t age :  

A t  t h i s  o s c i l l a t i o n  energy, t h e  t i m e  requi red  t o  e s t a b l i s h  a p l a t eau  i n  
t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion ,  as fol lows from formula (201, i s  
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i .e. ,  i t  is a l i t t l e  less than the t i m e  required f o r  t h e  development of in­
s t a b i l i t y  i n  t h e  i n i t i a l ,  q u a s i l i n e a r  s t ages .  

Thus, t h e  plasma e l e c t r o n  d i s t r i b u t i o n  func t ion  changes most r a p i d l y  
i n  the  resonance region: A p l a t e a u  appears i n  t h i s  region i n  the  v e l o c i t y  
range i n  which o s c i l l a t i o n s  are exc i t ed  a t  a given moment of t i m e .  A 
change i n  t h e  s p e c t r a l  dens i ty  of o s c i l l a t i o n s  and ion  parameters occurs 
much more slowly. Under t h e s e  condi t ions,  t h e  e l e c t r o n s  have no s i g n i f i ­
cant  i n f luence  on t h e  dynamics of t h e  i n s t a b i l i t y  development. 

E x c i t a t i o n  of Low Frequency O s c i l l a t i o n s  1172 
(Quasi l inear  Stage) 

Further  development of i n s t a b i l i t y  l e a d s  t o  a s t i l l  g r e a t e r  i nc rease  
i n  t h e  thermal scatter i n  t h e  bundle, and i t s  d i s t r i b u t i o n  func t ion  be­
comes s o  d i f fused  t h a t  t h e  q u a s i l i n e a r  approximation is  appl icable .  

I n  t h e  case of ws >> %i,it  follows from t h e  expressions f o r  t h e  
d i f f u s i o n  c o e f f i c i e n t s  (8) t h a t  O~_LLQaZz ,  i f  kcSv Q w. The problem i s  
thus e s s e n t i a l l y  a three-dimensional problem. L e t  u s  i n v e s t i g a t e  t h e  
opposi te  case, %i >> us, s i n c e  i n  t h i s  case O~LL<< ctzz  a t  t h e  quasi-
l i n e a r  s t a g e ,  i . e . ,  only l o n g i t u d i n a l  d i f f u s i o n  is  s i g n i f i c a n t .  

The i n i t i a l  system of equat ions f o r  t h e  q u a s i l i n e a r  approximation 
has  t h e  following form 

Here g ( t ,  v)-+ is  t h e  d i s t r i b u t i o n  func t ion  of bundle ions  i n t e g r a t e d ' w i t h  
r e spec t  t o  V_L. 

Subs t it u t  i ng  from equat ion (25) i n  formula (24),  changing 
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from summation over k t o  i n t e g r a t i o n ,  and i n t e g r a t i n g  with r e spec t  t o  k 
due t o  t h e  &funct ion,  w e  o b t a i n  

I n t e g r a t i n g  wi th  r e spec t  t o  v and t ,  w e  may w r i t e  t h e  following 
equat ion 

where VI i s  the  lower boundary of t h e  i n s t a b i l i t y  region caused by damping /173 
by plasma ions .  W e  may employ t h i s  equat ion t o  determine t h e  o s c i l l a t i o n  
energy a t  t h e  q u a s i l i n e a r  s t a g e :  

-g(0,  v‘)] dv‘dv, 

where g(m, v) i s  t h e  d i s t r i b u t i o n  func t ion  a t  t h e  end of t h e  q u a s i l i n e a r  
s t a g e  -- t h e  p l a t eau ,  whose he igh t  is  determined from t h e  following condi­
t i o n  

g(w, U ) ( U ?  - u1) = n,; g(w, v) = 	-n1 . 
uz -u1 ’ (29) 

v1 and v2 ( t h e  upper boundary of t h e  i n s t a b i l i t y  region) are determined by  
t h e  following r e l a t i o n s h i p s  

g(w9 u1) =gi(u,); g ( a ,  V ? )  ==go(v?); (30) 

go(v) -- t h e  d i s t r i b u t i o n  func t ion  of t h e  i o n  bundle a t  t h e  beginning of 
t h e  q u a s i l i n e a r  s t a g e ;  gi(v)+ -- t h e  d i s t r i b u t i o n  func t ion  of plasma ions  
i n t e g r a t e d  with r e spec t  t o  V_L. W e  o b t a i n  t h e  following from (30) 

Performing i n t e g r a t i o n  with r e s p e c t  t o  v i n  (28), w e  may w r i t e  
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I I l l  

1 3W = B M n l u E ( l  -K. 2). 
The change i n  t h e  energy of t h e  plasma i o n  thermal motion may b e  deter­
mined from (11): 

k k 

The increase i n  t h e  energy of t h e  plasma e l e c t r o n  thermal motion is  

k 

The f in i t ebund le  v e l o c i t y  e s t a b l i s h e d  a t  t h e  end of t h e  q u a s i l i n e a r  s t a g e  /174 
i s  

i .e . ,  t h e  energy l o s s  of t h e  ordered bundle motion 

= - -nlMu:. (35)3
8 

The thermal bundle energy acquired during t h e  development of i n s t a b i l i t y  
i s  

We may employ formulas (32) - (36) t o  v e r i f y  t h e  f a c t  t h a t  t h e  l a w  of con­
s e r v a t i o n  of energy i s  f u l f i l l e d  

Thus, i n  c o n t r a s t  t o  t h e  e x c i t a t i o n  of high frequency o s c i l l a t i o n s ,  
t h e  e x c i t a t i o n  of low frequency o s c i l l a t i o n s  l e a d s  t o  t h e  t r a n s f e r  of a 

considerable  p o r t i o n  (4)of t h e  bundle energy t o  plasma ions ,  and a l s o  

l eads  t o  s i g n i f i c a n t  hea t ing  of t h e  i o n  component. 

The q u a s i l i n e a r  theory d i s r ega rds  t h e  nonl inear  phenomena of o s c i l l a ­
t i o n  s c a t t e r i n g  by plasma p a r t i c l e s .  As w a s  shown i n  (Ref. l), i n  t h e  case 
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of the excitation of Langmuir oscillations by an electron bundle, non­
linear interaction of harmonics is usually insignificant in the quasi-
linear stage. However, there is a parameter region in whfch these phenomena 
determined the dynamics of the instability development (Ref. 4 ) .  

We shall continue to study the role of the nonlinear interaction of 

harmonics in the case (which we are considering) of excitation of fon­

sound oscillations by an ion bundle. 


-~Excitation of Shortwave, Low Frequency Oscillations I175 

(Hydrodynamic Stage) 


When allowance is made for the finite, Larmor radius of plasma ions, 

excitation of longitudinal oscillations by the harmonics "nWHi is possible. 


One important feature of these oscillations is excitation in the case of 
Ti % Te and propagation almost perpendicularly to the magnetic field. 
Therefore, it is more likely that low frequency oscillations are the 

reason for anomalous plasma diffusion perpendicularly to the magnetic 


kLfield, rather than ion-sound oscillations, for which - << 1. 
kz 


Let us investigate the manner in which the ion bundle and the plasma 

parameters change at the initial excitation stage of low frequency oscilla­

tions. 


The dispersion equation for shortwave oscillations for conditions (3) 
has the following form 

Waves with frequencies of % = n q i  (1 + $I,) have the largest increment. 
Their increasing increment in the case of n = 1 is 

where - +:4 a (k)--­
1 1  ( P i )  
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The change i n  t h e  ordered v e l o c i t y  and thermal energy of bundle ions  
may be descr ibed by means of (9), where o+ and y, are determined from 

k k 
formulas (38) - (39 ) .  Making use of t h e  f a c t  t h a t  y + h a s  a m a x i m u m  wi th  

3 k 
respec t  t o  k ,  we may ob ta in  the  following i n  t h e  case of i n s t a b i l i t y  at  
t h e  frequency w = %i (1 + $1) 

-+ -f
(ko -- t h e  value of k a t  which y -+has  a maximum). L e t  us employ t h e  I176 

k -f 
approximate formulas given i n  (Ref. 2), and w e  s h a l l  assume t h a t  a(k) 

reaches a maximum i n  t h e  case of k:o':f- - .5: 
OLi  

VriAssuming t h a t  -<< Q1 << 1, w e  ob ta in  the  following expression f o r  t h e  
UO 

plasma ion  d i f fus ion  c o e f f i c i e n t s  i n  the  case of i n s t a b i l i t y  at the  f r e ­
quency w = %i ( 1  + $1) 
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We obtain the following by means of (42) from formula (7): 1177. 


(43) 


We may determine the change in the plasma electron energy by formula (14) 


Comparing expressions (40), (43) and (44), we can see that the 
energy of the bundle ordered motion changes primarily into energy of the 
transverse thermal motion of plasma ions, and may lead to significant
ion diffusion perpendicularly to the magnetic field. Relationships ( 4 0 ) ,  
(43) and (44) are valid as long as the conditions of a monoenergetic bundle 
are fulfilled (3). 

The maximum energy of low frequency fields, obtained at this stage, 

is 
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NONLINEAR PHENOMENA IN A PLASMA WAVE GUIDE 
(ION CYCLOTRON lU3SONANCE'AT A DIFFERENCE 

FREQUENCY) 

B. I. Ivanov 


Ion cyclotron resonance (ICR) has been extensively studied both I178 
theoretically and experimentally [see, for example, the summary in 
(Ref. l)]. Several works have appeared recently (Ref. 2 - 4 )  which 
examined the problems of the nonlinear theory of ion and electron cyclo­
tron resonance. As is known, the non-linearity criterion has the 
following form (Ref. 5, 6) 

(Eo -- strength of the wave field; A -- wave length; f 3 
V@

@ --~ retardation; 

vo -- ordered plasma velocity). Formation of nonlinear phenomena is 
facilitated during resonance (Ref. 6), since in this case the non-linearity 
parameter contains the additional factor % w ( w  - wC)-l. Thus, it is 
possible that nonlinear phenomena may occur in the case of ICR, because 

for this case the occurrence of large strengths of the wave field, small 

phase velocities, and large wavelengths is characteristic. In this case, 

nonlinear phenomena may play a significant role during heating (nonlinear 

damping, nonlinear shift of the resonance frequency) and during the intro­

duction of high frequency energy into the plasma (interaction of frequencies). 


In principle, it is possible to introduce Large UHF power into the 
plasma at two frequencies, and then to perform ICR at the difference fre­
quency. Such a mechanism is also possible during the excitation of low 
frequency oscillations in the plasma-bundle system (Ref. 7). A s  is known, 
in unstable plasmas, low frequency oscillations, whose origin is 
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sometimes d i f f i c u l t  t o  e s t a b l i s h ,  occur simultaneously w i t h  h i g h  f r e ­ 

quency o s c i l l a t i o n s .  The occurrence of t h e  high frequency o s c i l l a t i o n s  

is s a t i s f a c t o r i l y  explained by t h e  theory of plasma-bundle i n t e r a c t i o n .  


One of t h e  mechanisms l ead ing  t o  t h e  formation of low frequency 

o s c i l l a t i o n s  may b e  t h e  non l inea r  i n t e r a c t i o n  of high frequency o s c i l l a ­ 

t i o n s  [ sepa ra t ion  of d i f f e r e n c e  frequencies ,  decay i n s t a b i l i t i e s  (Ref. 8, 

9 ) ]  w i th  t h e  subsequent t r a n s f e r  of energy from high frequency o s c i l l a ­ 

t i o n s  t o  low frequency o s c i l l a t i o n s  [parametr ic  ampl i f i ca t ion  (Ref. l o ) ] .  

This ar t ic le  makes an attempt t o  provide a model f o r  t h i s  mechanism by /I79 

which low frequency o s c i l l a t i o n s  are e x c i t e d  c l o s e  t o  t h e  i o n  cyclotron 

frequency. The parameters of t h e  apparatus  are t h e  same as i n  the  pre­ 

ceding a r t i c l e  (Ref. 1 2 ) ,  which i n v e s t i g a t e d  t h e  non l inea r  d i s t o r t i o n s  

of t h e  s i g n a l  form and t h e  formation of combined frequencies .  W e  employed 


w) which had a r e l a t i v e l y  s m a l l  d i s ­ 
generators  having a s m a l l  power (%l 

t u rb ing  in f luence  on t h e  p la sma  which 'was  produced independently. I n  

orde r  t o  f u l f i l l t h e  non-l inear i ty  cond i t ion ,  i t  w a s  necessary t o  ope ra t e  

a t  low frequencies  ( f  % 1Mc) and with low phase v e l o c i t i e s  ( 6 ~ 
% 

which, i n  i t s  t u r n ,  made i t  necessary t o  employ a low-density plasma 
(n % l o 9  ~ m - ~ )(Ref. 1 2 ) .  On t h e  o t h e r  hand, f - 5 f c i  > >  vin ( v i n  % I O 8  p 
-- c o l l i s i o n  frequency) r e p r e s e n t s  t h e  necessary cond i t ion  f o r  observing 
t h e  I C R  a t  t h e  d i f f e r e n c e  frequency. I n  view of t h e s e  cons ide ra t ions ,  
t h e  main ('beat' ') f requencies  and t h e  d i f f e r e n c e  frequency w e r e  of 
o rde r  of magnitude one: f l  % f 2  % f - % 1M c .  

I n  o rde r  t o  observe t h e  weak I C R  s i g n a l ,  a s e n s i t i v e  system of a 

balanced, high frequency b r idge  w a s  employed (measures w e r e  taken t o  re­

duce t h e  n o i s e  level) .  Figure 1 shows t h e  diagram of t h e  apparatus (1 -- /180 
c u r r e n t  r e g u l a t o r ;  2 -- vo l t age  r e g u l a t o r ;  3 - high frequency generators ;  
4 -- a m p l i f i e r s ;  5 -- phase i n v e r t e r ;  6 -- phase r o t a t o r s ;  7 -- AVC u n i t ;  
8 -- two-ray osc i l l og raph ;  9 -- heterodyne r e c e i v e r ;  10 -- heterodyne f r e ­
quency m e t e r ;  11 -- s e l f - e x c i t e d  o s c i l l a t o r ;  1 2  -- main anode; 1 3  -- quar t z  
tube; 14 -- w a t e r  cone; 15 -- a u x i l l i a r y  anode; 16 -- cathode; 1 7  -- mag­
n e t i c  f i e l d  recorder;  18 -- palladium f i l t e r s ) .  The plasma wave guide 
consis ted of t h e  following, which w e r e  d i s t r i b u t e d  coax ia l ly :  A plasma 
core with a diameter of 1 cm,  a l e a d  tube with a diameter of 3 cm,  a 
copper casing with a diameter of 23 c m  with t h e  c ros s  s e c t i o n  along t h e  

g e n e r a t r i x ,  and a solenoid.  The t o t a l  l eng th  w a s  about 180 cm. The 
qua r t z  discharge tube w a s  evacuated from both s i d e s  t o  a vacuum of 
% n/m2, a f t e r  which hydrogen w a s  introduced from both s i d e s  through 
t h e  palladium f i l t e r s .  When t h e  e n t i r e  l eng th  of t h e  tube w a s  continuously 

evacuated, i t  w a s  p o s s i b l e  t o  o b t a i n  a constant  pressure.  Before t h e  

measurements, t h e  tube w a s  t r e a t e d  t o  prel iminary processing w i t h  pro­
longed, high frequency discharge (wavelength X 2~ 2 m,  gene ra to r  power 
P % 500 w) .  The plasma w a s  produced by discharge at a cons tan t  current, 
and t h e  discharge c u r r e n t  w a s  s t a b i l i z e d .  I n  o rde r  t o  i n c r e a s e  t h e  
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to 


Figure 1 


m i z a t i o n  c o e f f i c i e n t ,  a cathode w a s  employed made of lanthanum hexa­

> r i d e  wi th  i n d i r e c t  d i r e c t  cu r ren t  heat ing.  Two anodes w e r e  em-

Loyed i n  o rde r  t o  o b t a i n  a s t a b l e  discharge: The main anode and t h e  

u x i l l i a r y  anode. The anode p o t e n t i a l s  w e r e  s e l e c t e d  according t o  t h e  

lasma n o i s e  minimum. 


The main frequencies  f l  and f 2  from t h e  generators  w e r e  exc i t ed  i n  
n e  plasma wave guide by s h o r t  s p i r a l s  l oca t ed  c l o s e  t o  t h e  l e f t  end of 
h e  wave guide. A n  a d i a b a t i c ,  absorbing water charge ( l eng th  of about 
0 cm) w a s  l oca t ed  a t  t h e  r i g h t  end of t h e  wave guide. The r e f l e c t i o n  
o e f f i c i e n t  from t h e  r i g h t  end of t h e  wave guide k equal led 0 .1  - 0.3  
Ref. 1 3 ) .  Thus, moving waves wi th  main ( f l  and f2 )  and combined 
n f l  t m f 2 ;  n and m -- whole numbers) f requencies  could be  propagated 
n t h e  wave guide.  The output  s i g n a l  w a s  employed on two s p i r a l s ,  one 
f which w a s  l oca t ed  i n  t h e  magnetic f i e l d  s e c t i o n  which could be  
odulated by a commercial frequency. From t h e  r ece iv ing  s p i r a l s ,  t h e  
i g n a l  w a s  suppl ied t o  t h e  two arms of t h e  high frequency br idge.  Each 
r m  cons i s t ed  of an a m p l i f i e r ,  a phase r o t a t o r ,  and t h e  AVC u n i t .  The 
atter w a s  used t o  e l imina te  r e l a t i v e l y  slow unbalancing of t h e  b r idge  

‘IAVC >> Tmod)* The s i g n a l s  from t h e  arm of t h e  b r idge  w e r e  suppl ied 
u t  of phase t o  t h e  heterodyne receiver ad jus t ed  t o  t h e  resonance f r e ­ 

uency, and af ter  r e c t i f i c a t i o n  through t h e  low-frequency f i l t e r  they 

ere suppl ied t o  t h e  osc i l l og raph .  I n  t h e  normal p o s i t i o n ,  both a r m s  

ere almost completely balanced, bu t  t h e  amplitude of t h e  s i g n a l  with a 
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odulat ing frequency remained somewhat l a r g e r .  During t h e  modulation ­
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Figure 2 


of t h e  magnetic f i e l d ,  a t  t h e  moment t h e  resonance value w a s  crossed 
(f- \I fci) -- t w i c e  during t h e  modulation per iod -- a s i g n a l  f o r  t h e  
b r idge  unbalance w a s  produced, which could be observed on t h e  o s c i l l o ­ 

graph. This recording system has good s e n s i t i v i t y  and noiseproof q u a l i t i e s  

( s u b t r a c t i o n  of t h e  s i g n a l s  from t h e  two rece iv ing  channels l e a d s  t o  an in­ 

crease i n  t h e  modulation depth of t h e  carrier frequency by t h e  I C R  s i g n a l ,  

and simultaneously e l imina te s  t h e  plasma n o i s e  c o r r e l a t i o n s  along t h e  wave 

guide l e n g t h ) .  


Figure 2 p re sen t s  osci l lograms showing t h e  dependence of t h e  reso­
nance p o s i t i o n  on t h e  magnetic f i e l d  s t r e n g t h  ( f l  = 1.5 Mc, f 2  = 2.5 M c ,  

pf - = 1.0 M c ;  n = 1*109 ~ m - ~ ,  = 7-10-2 n/m2, ?fa = 7 ka/m, H 'L 56-62 ka/m). 
The upper l i n e  corresponds t o  t h e  resonance s i g n a l  which is  inve r t ed  
during r e c t i f i c a t i o n .  The lower l i n e  corresponds t o  t h e  s i g n a l  coming 
from t h e  generator  r eco rde r  of t h e  magnetic f i e l d .  With an inc rease  i n  /182 
t h e  constant  magnetic f i e l d  s t r e n g t h  ( f o r  a f i x e d  d i f f e r e n c e  frequency 
and a constant  amplitude of t h e  v a r i a b l e  magnetic f i e l d ) ,  t h e  resonances 
converge, s i n c e  t h e  resonance cond i t ion  (f- 2 jci)  i s  f u l f i l l e d  i n  t h e  
nega t ive  ha l fpe r iod  of t h e  v a r i a b l e  magnetic f i e l d .  


Figure 3 shows t h e  dependence of t h e  resonance p o s i t i o n  e n  plasma 
d e n s i t y  ( f l  = 1.5 M c ,  f2 = 2.5 M c ,  f - = 1.0 M c ,  H = 62  k a / m ,  H, = 7 k a h ,  

175 




Figure 3 

p = 7 0 1 0 - ~n/m2, n 2 ( 1  - 2) l o 9  ~ m - ~ ) .  With an inc rease  i n  t h e  plasma 
dens i ty ,  t h e  resonances diverge,  i .e . ,  they s h i f t  i n t o  t h e  region of 
l a r g e  magnetic f i e l d  s t r e n g t h s .  

I n  order  t o  o b t a i n  q u a n t i t a t i v e  estimates, t h e  r e f l e c t i o n  coe f f i ­ 

c i e n t s  from t h e  wave guide ends, t h e  magnetic f i e l d  s t r e n g t h ,  t h e  phase 

v e l o c i t y ,  and t h e  plasma dens i ty  w e r e  measured. 


Dynamic measurements of t h e  magnetic f i e l d  s t r e n g t h  w e r e  performed 
by t h e  generator  r eco rde r  (Ref. 11) (see Figure 1). The se l f - exc i t ed  
o s c i l l a t o r  c i r c u i t  w a s  l oca t ed  i n  t h e  modulated s e c t i o n  of t h e  solenoid.  
Carbonyl i r o n  w a s  used as t h e  induct ion core.  Due t o  t h e  s m a l l  dimen­
s i o n s  and t h e  s m a l l  va lue  of u (Q l o ) ,  t h e  r eco rde r  d i s tu rbed  t h e  magnetic 
f i e l d  t o  an i n s i g n i f i c a n t  ex ten t .  With a change i n  t h e  magnetic f i e l d  
s t r e n g t h ,  due t o  t h e  dependence u ( H )  t h e  c i r c u i t  inductance and t h e  s e l f -
exc i t ed  o s c i l l a t o r  frequency changed. The la t te r  w a s  measured by t h e  
heterodyne frequency m e t e r  according t o  t h e  zero b e a t s ,  which could be 
recorded simultaneously with t h e  I C R  s i g n a l  by t h e  two-ray osci l lograph 
(see Figure 2) .  This system w a s  c a l i b r a t e d  i n i t i a l l y  by nuclear  magnetic 
resonance. 
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The phase v e l o c i t y  w a s  measured by t h e  system shown i n  Figure 4 
(1-- AVC u n i t ;  2 -- phase meter; 3 -- a m p l i f i e r ;  4 -- delay l i n e ;  
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Figure 4 


5 -- limiting attenuator; 6 -- generator; 7 -- selective microvoltmeter). 
A wave with the frequency f = f - 2 fci was excited in the plasma wave 
guide by the generator. A high frequency signal was applied to the two 
antennae(a non-mobile short spiral and a mobile whip), and was supplied 
to the phase meter input. The compensation method was employed to 
measure BQ. A coaxial delay line, consisting of segments of the high 
frequency cable (length, 2.5; 5; 10 and 20 m), was switched into the 
circuit of the mobile collapsible-whip antenna. These high frequency 
cable segments could be subsequently combined in any combinations. With 
a minimum distance between the antennae, the delay line was completely 
introduced, and the phase meter indicator pointed to zero. A s  the dis­
tance between the antennae increased, the delay line decreased so as to 
compensate for the phase shift produced. In spite of the fact that the 
phase meter system was designed so that the phase reading was not depen­
dent on the signal amplitude, there was a possibility of error for small 
phase shifts and significant changes in the signal amplitude. In order 
to eliminate this possibility, an AVC unit was switched into the circuit 
of both antennae, and also a selective microvoltmeter (for controlling 
the high frequency signal amplitude) and a limiting attenuator (for main­
taining the amplitude at a definite level) were introduced into the cir­
cuit of the mobile whip. 

The length of the delay line AL changed linearly as a function of 
the distance between the antennae E. The retardation was determined 
according to the following relationship 

- 10-2 
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(E -- dielectric constant of cable insulation). 

The electron density n was measured by the shift in the eigen 

resonator frequency Af, and the dependence Af(n) was determined by pre­

liminary calibration with respect to the electron bundle (Ref. 12). The 

relative content of atomic and molecular hydrogen ions in the plasma was 

not measured. 


The following conclusions may be drawn on the basis of the measure­
ments performed. At the moment that resonance is passed, the amplitude 
of the "difference" wave increased. The resonance frequency increased 
with an increase in the magnetic field strength, and decreased with an 
increase in the plasma density, while f- 2 fci. The picture observed 
corresponds qualitatively to the excitation of ion cyclotron waves at 

the difference frequency. 


The experimental data agree qualitatively with the dispersion rela­

tionship for ion cyclotron waves 


The quantitative divergences (stronger experimental dependence of resonance 

frequency on plasma density) do not as yet yield to a satisfactory explana­

tion. 
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SECTION IV 


EXCITATION OF PLASMA OSCILLATIONS 


RADIATION OF ELECTRONS IN THE PLASMA-MAGNETIC FIELD 
BOUNDARY LAYER 

V. V. Dolgopolov, V. I. Pakhomov, K. N. Stepanov 


The cyclotron radiation of electrons in the plasma-magnetic field 

boundary layer canmake a significant contribution to the energy balance 

of thermonuclear reactors with a small density, which employ magnetic 

grids to contain the plasma. This problem was examined in (Ref. 1). 


The thickness of the transitional layer between the plasma and the 

magnetic field may comprise several Larmor electron radii 


The trajectory curvature of electrons having a velocity on the order of 

ve is also on the order of pe. Moving along such a trajectory in a 

vacuum, a non-relativistic electron radiates the following energy per 

unit of time 


dw 
dt 

e'oiv,? , T << me'.
CS 

The number of emissive electrons per unit of layer area is nope (no 

plasma density). Therefore, the total intensity of cyclotron radiation 
from unit of layer surface -- if it is assumed that all the electrons in 
the-layerradiate the same way as in a vacuum -- is 

Since 


1186 


1187 


where a % 1. Expression ( 4 )  coincides, within an accuracy of a coefficient 
on the order of unity, with the result derived by Burhardt (Ref. 1). 
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We may employ expression (1) only if the refractive index n for 
radiated frequencies w % wB is close to unity. In the case under con­
sideration, the radiated frequencies lie in the region of the qnomalous 

skin-effect 


-
v 4 w z n O(. m -- plasma . In a medium with a large, complex 

refractive index (5) the radiation intensity differs greatly from the 

radiation intensity (1). For example, in a dense, non-relativistic 


plasma 
( 
Q2z 1 , the intensity of cyclotron radiation of the main fre­-Ew: “c 

quency decreases, as compared with radiation in a vacuum, by a factor of 
-mcL (Ref. 2 - 4 ) .T 

Let us determine the intensity of cyclotron radiation, assuming that 
the radiated waves correspond to stable plasma oscillations. In the case 
of radiation equilibrium3 the radiation flux falling on the plasma-magnetic w Tfield boundary, IRJ= 4.rr3c2 , equals the sum of the flux emanating from 
the plasma I(w)and the flux reflected from the plasma IRJR (R -- reflec­
tion coefficient). We thus find that I(w)= IM(l - R). In the case under /I88 

veconsideration, 1 - R 2, -1 2, -. The width of the radiation spectrum,n c 
caused by the Doppler effect during radiation and by the nonuniformity of 
the magnetic field in the boundary layer, is on the order of % in the 
case under consideration. Therefore, the total intensity of electron 

cyclotron radiation in the layer is 


A comparison of ( 6 )  and ( 4 )  shows that allowance for plasma polariza­
mc2 

tion decreases the intensity of cyclotron radiation by a factor of T O  

Due to plasma resonance, radiation of boundary layer electrons strongly 
increases in the region of frequencies w which are less than the maximum 
Langmuir frequency 520, but considerably greater than wB. In the resonance 

region where Q ( x )  = J/ 4sre2no (4- w ,  the intensity of electron braking
m 

radiation greatly increases at the frequency w .  

Let us investigate absorption of waves whose electric vector lies in 
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t h e  plane of incidence ( the  XY p lane ) ,  and who impact on t h e  plasma 
l a y e r  from a vacuum. The electric f i e l d  component which is p a r a l l e l  

t o  t he  plasma boundary, Ey eikYy-iwt, satisfies t h e  fol lowing equa­
tion  

@2 
y (X)Q2(X)  i s  t h e  d i e l e c t r i c  constant  of t h e  plasma;where E = 1 _-& ' I x )  + i - r  

Y(X) = f i e P n o ( X ) n  -- frequency of c o l l i s i o n s ;  A -- Coulomb logari thm ( i tV m T 
C Cis  assumed t h a t  v << w ) .  Since R % ~ g , t h e
V e  

wavelength h = w i s  on t h e  

order  of t h e  l a y e r  thickness .  

A t  t h e  po in t  where R e  E = 0 (region of plasma resonance),  t h e  wave 
w Eo /189e l e c t r i c  f i e l d  inc reases  sharp ly  (E % Eo I n  .E % Eo I n  J; Ex % - '% -w Eo9 -

E 

Eo -- amplitude of i nc iden t  wave). This l eads  t o  t h e  f a c t  t h a t  a consider­
a b l e  po r t ion  of t h e  inc iden t  wave energy i s  absorbed i n  t h e  l a y e r  having 

Vt h e  th ickness  Ax % A-w '  i n  t h e  v i c i n i t y  of t h e  resonance poin t .  Therefore,  

t h e  i n t e n s i t y  of braking r a d i a t i o n  a t  t h e  frequencies  w < s2 is  

e3nilaT
I - I & y Q o - -

*C2m'/r 

m c 2Consequently, t h e  i n t e n s i t y  of  cyclotron r a d i a t i o n  is -T t i m e s  less than 
t h e  braking r a d i a t i o n  i n t e n s i t y .  

W e  may employ equat ion (7) only i n  the  case of v > vo E B 2'3 R. 
I f  v < VO,  w e  must take  i n t o  account t h e  formation of plasma waves i n  the  
resonance region. 
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RADIATION OF LOW FREQUENCY WAVES BY IONS AND ELECTRONS 
O F  A NON-ISOTHERMIC MAGNETOACTIVE PLASMA 

V. I. Pakhomov 

A s  is known, t h e  propagation of t h r e e  normal waves -- Alfven, r ap id
and slow magnetosound waves -- i s  p o s s i b l e  i n  a s t rong ly  non-isothermic 
(Te << T i )  magnetoactive plasma, i n  t h e  low frequency region (w 6 OH%). 
Each of t h e s e  waves may be  e x c i t e d  due t o  ion  cyclotron r a d i a t i o n  o r  due 
t o  Cherenkov r a d i a t i o n  of i ons  and e l e c t r o n s  moving along a s p i r a l  i n  
t h i s  plasma. 

This ar t ic le  determines t h e  expressions f o r  t h e  i n t e n s i t i e s  of /190 
r a d i a t i o n  of t h e s e  wave types by i o n s  and e l e c t r o n s .  The emissive and 
absorbant capac i ty  of t h e  plasma are determined i n  t h e  frequency region 
w & %i. The case of a low-pressure plasma i s  i n v e s t i g a t e d  i n  d e t a i l ,  

H 
when t h e  Alfv6n v e l o c i t y  VA = /-4~ngM considerably exceeds t h e  speed of 

sound i n  t h e  plasma vs = 2 . I n  t h i s  case, t h e  r e f r a c t i v e  index of a& 
slow magnetosound wave is  considerably g r e a t e r  than t h e  r e f r a c t i v e  indi­
ces of t h e  two o t h e r  waves. Therefore ,  i t  is  n a t u r a l  t o  expect a sharp 
i n c r e a s e  i n  t h e  r a d i a t i o n  i n t e n s i t y  of a slow magnetosound wave .  It is  
shown t h a t  i n  a low-pressure plasma t h e  i n t e n s i t y  of cyclotron r a d i a t i o n  

2S+l 
of a slow magnetosound wave  by an ion  f o r  t h e  s-t& harmonic is  (2)

. . 
t i m e s  g r e a t e r  than t h e  r a d i a t i o n  i n t e n s i t y  of Alfv6n waves and r ap id  
magnetosound waves. 

Cherenkov r a d i a t i o n  of low frequency waves by e l e c t r o n s  of a non­
i so the rmic  plasma may make a b a s i c  c o n t r i b u t i o n  t o  t h e  ove r -a l l  plasma 
r a d i a t i o n .  It is  shown t h a t  t h e  r a t i o  of t h e  i n t e n s i t i e s  of i o n  cyclotron 
r a d i a t i o n  and Cherenkov e l e c t r o n  r a d i a t i o n  i n  t h e  case of w 5 s%i is  on 
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t h e  order  of r:)*'-'(%), where vTi and vTe are t h e  mean thermal 

v e l o c i t i e s ,  r e spec t ive ly ,  of ions  and e l e c t r o n s ,  and vo i s  t h e  phase 
ve loc i ty .*  

Propagation of Electromagnetic-Wsvgs i n  a 
Non-Isothermic, Magnetoact ivePlasEa 

The genera l  expressions which a r e  given i n  t h e  appendix i n  (Ref. 2) 
may be employed t o  de r ive  the  d i e l e c t r i c  cons tan t  tensor  of a non-iso­
thermic plasma loca ted  i n  the  ou te r  magnetic f i e l d .  The sum wi th  respect 
t o  p a r t i c l e  types -- i . e . ,  e l ec t rons  and ions  -- must be taken. Let us 
assume t h a t  t h e  following condi t ion is  f u l f i l l e d  

These condi t ions are f u l f i l l e d  i f  i t  is  assumed t h a t  t h e  plasma is  g r e a t l y  1191 
non-isothermic (Te >> Ti). A s  a r e s u l t ,  f o r  t h e  t enso r  of t he  plasma di­

e l e c t r i c  constant  w e  ob ta in  t h e  following expression 

where 

~­~~ ____.  

* A por t ion  of the,  r e s u l t s  have been published i n  (Ref. 1). 
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where 

8 is  t h e  angle  between t h e  d i r e c t i o n  of wave propagation k and t h e  
d i r e c t i o n  of t he  o u t e r  magnetic f i e l d  H. I f  t h e  frequency 61 i s  c lose  
to t h e  harmonics of t h e  i o n  gyrofrequency sWHi (s = 2,  3, ...1, t h e  

following expressions must be  added t o  (1) 

where 

The d i spe r s ion  equat ion determining t h e  long i tud ina l  r e f r a c t i v e  1192 
index nil = n cos 8 as t h e  func t ion  of t h e  t r ansve r se  r e f r a c t i v e  index 
n l =  n s i n  0 and t h e  frequency w has  t h e  following form i n  the  given 

case  [ s e e  a l s o  (Ref. 311 

u - 2  2 2 20 
u - 1  (3) 

u - 1  (fdf 2 4 1  f 5 [n: (n: + n i )  -n:n:] = iA, 
where 
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when t h e r e  is  no damping (A = 0 ) ,  equat ion (3) has  t h r e e  s o l u t i o n s  
nil = nIlj ( j  = 1, 2,  3 ) .  Assuming t h a t  

’ .
nj = n l j + i n , j ,  n; . j<(n , j ,  

w e  o b t a i n  t h e  following expression f o r  rfll
j 

j # i fk # j .  ( 4 )  

The damping c o e f f i c i e n t  of t h e  j-& normal wave i s  

wi ’ xi =-n I 1- cosxs (5) 

where x i s  t h e  angle  between t h e  d i r e c t i o n s  of t h e  o u t e r  magnetic f i e l d  
and t h e  energy f l u x  of t h e  corresponding wave. 

The d i s p e r s i o n  equat ion (3) may be  solved i n  two l i m i t i n g  cases: I f  
t h e  Alfv&n v e l o c i t y  i s  considerably g r e a t e r  than t h e  speed of sound i n  
t h e  plasma (vA >> vs) and i f  t h e  frequency w i s  considerably less than / 1 g 3  
t h e  ion  gyrofrequency (w << wi). 

L e t  us examine t h e  case when vA >> vS. The d i spe r s ion  equation (3) 

assumes t h e  following form 

W e  may f i n d  one of t h e  s o l u t i o n s  f o r  equat ion (6)  by assuming t h a t  nil % 

n i %  ns >> nA. A s  a r e s u l t ,  w e  ob ta in  (Ref. 4 )  

The imaginary p a r t  of t h e  r e f r a c t i v e  index of a slow magnetosound wave (7) 
is 

The f i r s t  component i n  t h e  r i g h t  p a r t  of equat ion (8) t akes  i n t o  account 
Cherenkov absorpt ion of a slow magnetosound wave i n  an e l e c t r o n  gas. The 
second component t akes  i n t o  account cyclotron absorpt ion i n  an ion  gas.  

W e  may f i n d  two o t h e r  s o l u t i o n s  f o r  equat ion ( 6 ) ,  corresponding t o  

186 

I 




Alfv6n waves and rapid magnetosound waves, assuming that nil 
% nl% 

% nA << ns. The radiation of waves corresponding to these two solutions 

was studied in (Ref. 5, 6 ) .  

In another limiting case, when the frequency w I s  considerably less 
than the ion gyrofrequency %i (region of strictly magnetohydrodynamic 
waves), the dispersion equation ( 3 )  assumes the following form 

(n: -n i )  [n4, -n: (n: +n i  -n; ) -nin: + (9) 
2+ n3 ( n i  -n,)] = iA', 

where 

The solution of equation (9) 

corresponds to an Alfvh wave. The imaginary part of the refractive index 

of an Alfv6n wave is 


Two other solutions (Ref. 7) of the dispersion equation (9) 

t~:2,3 = T [ ~ A1 2 +n:-n: _+1/(n:-ni+n:)'+4,*~n:] 
(13) 

determine the refractive indices of rapid waves and slow magnetosound waves. 
The imaginary parts of the refractive indices (13) determining the damping 
of magnetosound waves (Ref. 7) are 
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General Expression for 10.n Rad-i-ati-onIntensity An a 
Non-Isothermic Plasma 

Let us employ the general expressions (Ref. 4 ,  6 )  for determining 
the strengths of the electric and magnetic fields produced by an ion 
moving along a spiral in a strongly non-isothermic magnetoactive plasma. 
As a result, the components of the electromagnetic field produced by the 
ion in the wave guide zone assume the following form 

where /195 


x 

In expressions (16), V_Land vi1 are, respectively, the ion velocity 

components which are perpendicular and parallel to the direction of the 
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-- o u t e r  m a g n e t i c  f i e l d ;  r o  = > Larmor r ad ius  o f  an ion; the argument of t h e  
%i 

B e s s e l  f unc t ion  Js and their d e r i v a t i v e s  .Ifsequals  kLro. The r a d i a t e d  
f requencies  are 

osf  S o H i  .. 4k 1 ( o s f )  0 - (17) -

In the case of s = 0 (Cherenkov r a d i a t i o n ) ,  equa t ion  (17) assumes the 
fol lowing f o m  

I n  expressions (16) nL and kL are t h e  p o s i t i v e  s o l u t i o n s  of  the equa- 1196 
t i o n  f o r  t h e  sadd le  p o i n t  

The nega t ive  s o l u t i o n s  correspond to s a d d l e  p o i n t s  which do n o t  l i e  on 
t h e  i n t e g r a t i o n  path, and t h e r e f o r e  cannot make a c o n t r i b u t i o n  to the 
5n teg ra l .  The upper sign i n  equat ion  (19), as w e l l  as i n  (16), cor res ­
ponds to a c y l i n d r i c a l l y  d iverg ing  wave; the lower sign corresponds t o  
a c y l i n d r i c a l l y  converging wave. When there are several p o s i t i v e  solu- * 

t i o n s  f o r  equarion (19), it is necessary t o  t a k e  t h e  sum of  a l l  the solu­
t i o n s .  Each s o l u t i o n  f o r  equat ion  (19) determines the r e l a t i o n s h i p  between 
the angles  x and 8 ,  i.e., the wave  toward which the phase v e l o c i t y  i s  
d i r e c t e d  at the ang le  8, and the group v e l o c i t y  a t  the ang le  x to the 
d i r e c t i o n  of the o u t e r  m a g n e t i c  f i e l d .  

IJe m a y  f i n d  the i n t e n s i t y  of cyc lo t ron  (s f 0) and Cherenkov radia­
t i o n  of an i o n  p e r  u n i t  of s o l i d  angle  ws j  

by employing t h e  fol lowing 
expression 

~ where t h e  b a r  des igna tes  averaging over time. A s  a r e s u l t ,  we  o b t a i n  

where 

I 



I n  t h e  case of s = 2 ,  3,  ...) iformula (20) is  v a l i d  f o r  t h e  cases 
of slow ( v p  vTi) and rap id  (vi1 >> yTi) ions .  In  order  t o  determine t h e  
r ad ia t ion  i n t e n s i t y  a t  the  main h a q o n i c s  ( s  = l), expression (20) may 
be only employed i n  t h e  case of rap$d ions .  I n  t h e  case of s = 1, t h e  
r e s u l t s  given i n  (Ref. 4 )  must be  employed t o  determine t h e  r a d i a t i o n  
i n t e n s i t y  of slow ions .  For Cherenkov r a d i a t i o n  ( s  = 0) , formula (20) 
is a l s o  v a l i d  only i n  the  case of rap id  ions. Cherenkov r a d i a t i o n  of 
slow ions  is  g r e a t l y  absorbed. 

Expression (20) f o r  ions  wi th  a ve loc i ty  on t h e  order  of t h e  mean 
t h e  following form ( i n  t h e  case of 

/I97 

thermal ve loc i ty  of plasma ions  h a s  
s = 2, 3 ,  ...) 

(21) 


where 

Averaging expression (21) over t h e  ion  d i s t r i b u t i o n ,  which i s  
assumed t o  be a M a x w e l l  d i s t r ibu t i , on ,  w e  may determine the cont r ibu t ion  
made by i o n  cyclotron r a d i a t i o n  to' t h e  emissive power of  t h e  plasma 
a t  t h e  w 2 f reauencies  

where no is  t h e  plasma densi ty .  

Cyclotron Rad ia t ion  of a Slow Magnetosound Wave i n  a 
Low-Pressure Plasma 

It was  noted above t h a t  t h e  d ispers ion  equat ion (3) may be solved 
i f  t h e  magnetic pressure  p H  i s  considerably g r e a t e r  than t h e  gasokine t ic  

pressure  of e l ec t rons  pe = noTe ( t h i s  i s  equiva len t  t o  the  condi t ion 

VA >> v,). L e t  us i n v e s t i g a t e  t h e  cyclotron r ad ia t ion  of a slow 
I 
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magnetosound wave  corresponding to the s o l u t i o n  (7) of the d i spe r s ion  
equation. 

Employing the gene ra l  express ion  (20) f o r  the i o n  r a d i a t i o n  inten­
s i t y  and t ak ing  t h e  condft ion nA << ns i n t o  account f o r  the i n t e n s i t y  
of t h e  r a d i a t i o n  of a slow magnetosound wave by an i o n  at the s-t& har­
monics p e r  unit of s o l i d  angle ,  w e  obtain the fol lowing express ion  

where I 1 9 8  

n: sin 6 us, = 
u2n: I sin x ,icos x dLnu 

In the case under cons idera t ion ,  the refractive index is  determined 
by formula (7), and the damping c o e f f i c i e n t  is 

For ions  whose v e l o c i t y  i s  on t h e  o rde r  of  the m e a n  thermal v e l o c i t y  
of plasma ions, express ion  (23) may be  s i m p l i f i e d  (in the case of s = 2, 
3, ...): 

where 
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I n  t h i s  case, t h e  equation f o r  t h e  /saddle  po in t  (19) y i e l d s  t h e  following 
dependence between t h e  angles  x and 8: 

The cont r ibu t ion  r e s u l t i n g  from magneto-braking r a d i a t i o n  of a s l o w  
magnetosound wave by ions  t o  t h e  edissive power of the plasma, f o r  f r e -

II 2s-2 3 

I n  order  of magnitude, W s t - W ~ Y * , r f )  ($), where wo i s  t h e  t o t a l  /199 

i n t e n s i t y  of i o n  r a d i a t i o n  i n  a vacuum. It w a s  shown i n  (Ref. 6) t h a t  
t h e  i n t e n s i t i e s  of cyclotron rad iae ion  of an Alfv6n wave and of a r ap id  
magnetosound wave ( j  = 2, 3) are ~ 

ws2,3 - (z)2s-2 . 
Comparing t h e s e  r e s u l t s ,  w e  f i n d  t h a t  

Thus, i n  a g r e a t l y  non-isothe&ic plasma having a low dens i ty ,  t h e  
i n t e n s i t y  of cyc lo t ron  r a d i a t i o n  of a slow magnetosound wave f o r  t h e  

s - e  harmonics is, i n  order  of magnitude, (!$+J t i m e s  g r e a t e r  than t h e  

r a d i a t i o n  i n t e n s i t y  of an Alfv6n wave and a r ap id  magnetosound wave. 

Cherenkov Radiat ion of Magnetohydrodynamic Waves by Ions 

I n  t h e  case of w << UHF, t h e  d ispers ion  equat ion (3) has  t h r e e  solu­

t i o n s  corresponding t o  magnetohydrddynamic waves. The r e f r a c t i v e  ind ices  
of t hese  waves are on t h e  order  of ins (or  nA), and are determined by ex­
press ions  ( I I ) ,  (12) .  It follows f!KOm t h e  condi t ion of Cherenkov radia­
t i o n  8'11 nIlj 

= l t h a t  f requencies  w << wHi may e x i s t  during r a d i a t i o n  

of r ap id  ions,  whose v e l o c i t y  is  
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Let us investigate Cherenkov radiation of ions in the low-frequency 
region w << %i (u >> 1). In order to determine the Cherenkov radiation 
intensity, let us employ the general expressions (20), assuming that 
s = 0 and u >> 1. In addition, let us assume that the arguments of the 
Bessel function are small 

k , f ,  =n,S, << 1. (28)~ vu 
Taking into account (28) for the Cherenkov radiation intensity of /ZOO 


an Alfv6n wave, we obtain the following 


The damping coefficient of an Alfv6n wave is 


Equation (19) for the saddle point assumes the following form in this case 


It follows from the Alfv6n wave is radiated within the 


limits of a the direction of the outer magnetic 


field. 


The Cherenkov radiation intensity of rapid and slow magnetosound 

waves per unit of solid angle, when condition (28) is fulfilled, is 


The damping coefficients of magnetosound waves are determined by 
the expression 
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dn I l i  and nllj(ni) f o rThe f i g u r e  p re sen t s  graphs of t h e  func t ions  
dn I 

2 
L 

t h e  case rill > 0 and nA > n,. The p o i n t s  a t  which t h e  curve dn% inter­

dn.L 
sects t h e  l ine  y = 7 tgx correspond t o  t h e  s o l u t i o n  of equat ion (19). /201 
A s  may be seen from t h e  f i g u r e ,  a slow magnetosound wave ( j  = 2) repre­
s e n t s  a c y l i n d r i c a l l y  converging wave. There are thus  two waves f o r  
each angle  x < xmax. I n  t h e  case of  x > xmax, a slow magnetosound wave 
i s  no t  r ad ia t ed .  The angle  x = xm a x  is  determined by t h e  following 

equations 

The r ap id  magnetosound wave ( j  = 3)  r e p r e s e n t s  a c y l i n d r i c a l l y  
diverging wave. For any angle  x ,  one such wave is  rad ia t ed .  Expres­
s i o n  (32) f o r  a slow magnetosound wave i s  n o t  v a l i d  i n  t h e  l i m i t i n g  
case, when nL + 03 and n?, -f n i  + n i .  I n  t h i s  case, w e  must employ t h e  

gene ra l  expression (20) f o r  u >> 1 and s = 0. (We should p o i n t  out t h a t  
Cherenkov r a d i a t i o n  i n  a d i r e c t i o n  which i s  perpendicular  t o  t h e  direc­
t i o n  of t h e  o u t e r  magnetic f i e l d  may b e  absent s i n c e  t h e  condi t ion 
611 nil = 1 thus c o n t r a d i c t s  t h e  assumption w << w ~ ~ . )I f  nA < ns, then 

t h e  s u b s t i t u t i o n  nA n, must be made i n  t h e  f i g u r e .  I n  t h e  case of 
n l  < 0 ,  t h e  funct ions dnIlj change t h e i r  s i g n .  

dnL 

Electron Cherenkov Radiat ion 

It is  of i n t e r e s t  t o  s tudy Cherenkov r a d i a t i o n  of low frequency 
waves (w Q %i) by e l e c t r o n s  of a non-isothermic plasma, because under 

c e r t a i n  c0ndition.s i t  may make t h e  main con t r ibu t ion  t o  t h e  ove r -a l l  
plasma r a d i a t i o n .  I n  p a r t i c u l a r ,  t h i s  i s  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  
i n t e n s i t y  of i on  cyclotron r a d i a t i o n  sha rp ly  decreases  as one recedes 
from the  cen te r  of t h e  l i n e  w = s%, (s = 1, 2 ,  ...). 

W e  obtained t h e  expressions f o r  t h e  i n t e n s i t y  of Cherenkov radia- /202 
t i o n ,  by an e l e c t r o n  moving i n  t h e  plasma along a s p i r a l ,  of each of 
t h r e e  normal waves. We determined t h e  c o n t r i b u t i o n  made by Cherenkov 
e l e c t r o n  r a d i a t i o n  t o  t h e  emissive power of a non-isothermic plasma a t  
t h e  w % qri frequencies .  

W e  s h a l l  employ t h e  gene ra l  expressions given i n  (Ref. 2) f o r  s = 0 
i n  order  t o  determine t h e  components of an electromagnet ic  f i e l d  
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Figure 1 

produced by an electron in the wave zone. A s  a result,  w e  obtain 

where 

In ( 3 4 ) ,  vlI and V_L are, respectively, the electron velocity components 
which are parallel and perpendicular t o  the direction of the outer 
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c o s x - - . - I ( n i ,  

magnetic f i e l d .  The argument of t h e  Bessel func t ions  and t h e i r  deriva­

tives equals kL ro, where ro = i s  t h e  Larmor e l e c t r o n  rad ius .  The 
%e 

remaining no ta t ion  w a s  presented above. 

Employing formulas ( 3 4 )  and (35), w e  may ob ta in  t h e  following ex- /203 
press ion  f o r  t he  i n t e n s i t y  of e l ec t ron  Cherenkov r a d i a t i o n  pe r  u n i t  of 
s o l i d  angle  

The argument of t h e  Bessel func t ion  i s  s m a l l  f o r  e l ec t rons  having 
a ve loc i ty  v ~ w h i c his on the  order  of t h e  mean thermal ve loc i ty  of 

plasma e l ec t rons  ( v l - VTe =[?: 

I n  t h i s  case, expression ( 3 6 )  may be  s impl i f i ed  

e20i n.n I J 8 x o j R
w .  - %!.
]-2F* 	 9 

d 9 n n l l jdn, ,  2
d n t  dw -n2 

,I) 
2 
( n , i - n : $  

(37) 

where 

Averaging (37) over t h e  e l ec t ron  d i s t r i b u t i o n ,  which i s  assumed t o  
be a M a x w e l l  d i s t r i b u t i o n ,  w e  may f i n d  t h e  con t r ibu t ion  made by e l ec t ron  
Cherenkov r a d i a t i o n  t o  the  plasma emissive power a t  t h e  frequencies  
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Comparing the contribution made, in order of magnitude, by ion cyclotron 
radiation (22) and by electron Cherenkov radiation to the plasma emissive 
power, we obtain 

It can be seen from (39) that the relative contribution of the elec- /204 
tron Cherenkov radiation increases with an increase in the harmonic 
number s ,  since it was assumed from the beginning that vTi << va << vTe. 

Let us investigate the Cherenkov radiation of a slow magnetosound 
wave by electrons in a low-pressure plasma (ns >> nA). We shall assume 
that the argument of the Bessel functions in (35) is small (kl ro << 1). 
This can be fulfilled only for very rapid electrons (VL>> VT~). Employing 
the general expressions for the electromagnetic field components (34),
(35), the equations (7), (26), and also the condition of electron Cheren­
kov radiation, we finally obtain 

,Expression(40) determines the intensity of Cherenkov radiation for 
an electron having the velocity 611 per unit of solid angle in the direc­
tion x. If 611 ns < 1, then the radiated wave represents a cylindrically 
converging wave (for x < 	2 ). The waves may thus be radiated in any direc­

2 
tion x .  The frequency of a wave radiated at the angle x is 

In another limiting case, when 611 ns > 1, the radiated wave repre­
sents a cylindrically diverging wave. The vector of the group velocity 
is thus directed at the angle x > xmin, where 

Xmir,= arc sec (p I nS). 
The phase velocity in this case is directed at the angle 8 < Omax 

in the direction of the outer magnetic field, while Om, = xmin. However, 

we cannot employ the expressions obtained in the case of x -f xmin, since 
in this case w + 01, according to (41). 
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Averaging (40) over the electron distribution, we obtain the 

contribution produced by Cherenkov radiatioqby plasma electrons,of 

a slow magnetosound wave to the plasma emissive power: 


We should recall that at any angle x > xmin, electromagnetic waves with /205 
two frequencies are radiated -- one with the frequency w >,%i (electrons 
with B! I  ns > 1) and the other with the frequency w < w ~ i(electrons with 
the velocity VII< vs). Expressions have been obtained (Ref. 6), in which 
it must be assumed that zOe << 1, for the intensity of Cherenkov radiation 
by electrons of an Alfvh wave and a rapid magnetosound wave in a non­

isothermic plasma with a low density. 
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BRAKING OF RELATIVISTIC PARTICLES IN LOW ATMOSPHERIC LAYERS 


V. B. Krasovitskiy, V. I. Kurilko 


As is known, when a relativistic charged particle moves in an external 
field, the braking force by radiation increases proportionally to the 
square of the particle energy, and may be greater than the Lorentz force 
(Ref. 1). The influence of the medium on the braking radiation is of 
great interest, since -- when particles move in the lower atmospheric 
layers -- the braking force by radiation may differ significantly from 
the vacuum force. The expression for the braking force by radiation of 
an oscillator in a medium was obtained and studied in the non-relativis­
tic approximation in (Ref. 2, 3 ) .  The spectral radiation density was 
studied in the relativistic case in (Ref. 4 - 7). 

In order to investigate the influence of the medium on the braking 
radiation, it is necessary to know the total energy losses of the particle, 
i.e., it is necessary to specify the medium properties. We shall formulate 
a model for a medium with an isotropic dielectric with a given dispersion /206 

�(lo) = 1 --,,,a -4 &a 9 

41~e2n~ 
where R are the atom resonance frequencies; w20 = ; no -- density 

m 
of the medium particles. 

The following expression was obtained in (Ref. 4 - 7) for the spec-
* tral density of  particle radiation in the frequency region w > Z  % ( a i  = 

Let us employ formula (1) to determine the total losses by radia­

tion as a function of the particle energy. Since it is difficult to 
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i n t e g r a t e  equat ion (1) i n  t h e  gene ra l  case, l e t  us f i n d  t h e  frequency 
regions in .which t h e  s p e c t r a l  d e n s i t y  has  t h e  maxima ( e  % 11, and l e t  
us  determine t h e  r a d i a t i o n  i n t e n s i t y  i n  each of  t h e s e  regions.  

1. I n  t h e  low-energy region,  when t h e  following i n e q u a l i t y  i s  f u l ­
f i l l e d  

t h e  frequency wm % wH (1- B2)-' -- which makes t h e  m a x i m u m  con t r ibu t ion  

t o  t h e  vacuum (Ref. 8, 9) -- i s  s m a l l  as compared with t h e  resonance fre­
quency wm << R .  I n  t h i s  case, t h e  r a d i a t i o n  s p e c t r a l  i n t e n s i t y  has  
m a x i m a  a t  t h e  frequencies  % and R .  The braking r a d i a t i o n  at t h e  f r e ­
quencies % causes l o s s e s  which coincide w i t h  vacuum l o s s e s  

The m a x i m u m  c l o s e  t o  the  frequency determined from condi t ion B 2 ~ ( w )  % 1 
is a l s o  caused by t h e  curvature  of t h e  p a r t i c l e  t r a j e c t o r y .  However, i n  /207 
t h i s  case t h e  in f luence  of t h e  medium i s  s i g n i f i c a n t , ,  as a r e s u l t  of which 
t h e  r a d i a t i o n  is considerably g r e a t e r  than i n  t h e  preceding case 

Thus, t h e  braking r a d i a t i o n  is  l a r g e r  ( i n  t h e  energy region under 
considerat ion)  than i n  a vacuum, and inc reases  with t h e  energy E propor­

4
t i o n a l l y  t o  E 1 3 .  

2. The i n e q u a l i t y  (2) assumes t h e  fol lowing form f o r  given character­
is t ics  of t h e  medium and unchanged magnetic f i e l d  s t r e n g t h  with an inc rease  
i n  t h e  p a r t i c l e  energy: 

I n  t h i s  case, t h e  braking r a d i a t i o n  maximum is loca ted  a t  t h e  frequency

eH.The corresponding l o s s  i s~ 0 "  .! 
E' 

200 




- 

3.  With an increase i n  the p a r t i c l e  energy, t h e  r e l a t i o n s h i p  
between t h e  p a r t i c l e  parameters and t h e  medium assumes t h e  following 
form 

Thus, t h e  r a d i a t i o n  m a x i m u m  i n  a vacuum occurs i n  t h e  frequency region 
w >> R. The f o r c e  of t h e  braking r a d i a t i o n  depends on t h e  parameter 

1.1 = - . -1 i n  t h i s  case. 
W H E  

I n  t h e  case of 1.1 >> 1, t h e  braking r a d i a t i o n  i n t e n s i t y  i n  t h e  fre­
quency region w % i s  exponent ia l ly  s m a l l  as compared with t h e  corres­

ponding value i n  a vacuum. The braking r a d i a t i o n  i n t e n s i t y  i s  a l s o  s m a l l  
w Q' 

I n  t h e  oppos i t e  case (u << 1), t h e  in f luence  of t h e  medium(.a-uF)­
on t h e  braking r a d t a t i o n  may be  disregarded,  s o  t h a t  t h e  p a r t i c l e  l o s s e s  
coincide with vacuum l o s s e s .  

Thus, t h e  medium in f luences  t h e  p a r t i c l e  braking r a d i a t i o n  only 
when t h e  i n e q u a l i t y  w g  >> 0% i s  f u l f i l l e d .  I n  t h e  region of r e l a t i v e l y  

s m a l l  ene rg ie s  , t h e  presence of t h e  medium l eads  t o  an inc rease  1208  
- 9  

i n  t h e  braking r a d i a t i o n ,  and i n  t h e  energy region E2 >> 	"' i t  l eads  t o"02 
a decrease i n  t h e  braking r a d i a t i o n ,  as compared with a vacuum. Thus, 
t h e  braking r a d i a t i o n  i s  s i g n i f i c a n t l y  less than t h e  vacuum r a d i a t i o n  i n  

t h e  energy region "0 >E >> (2)":
OH 

The change i n  t h e  braking r a d i a t i o n  i n t e n s i t y  i n  a medium may be 
explained i n  phys i ca l  terms as follows. I n  t h e  presence of t h e  medium, 
t h e  frequency determining t h e  m a x i m u m  of t h e  r a d i a t i o n  s p e c t r a l  dens i ty ,  
according t o  formulas (l),depends on t h e  medium parameters 

For s m a l l  p a r t i c l e  ene rg ie s ,  t h e  presence of t h e  medium l e a d s  t o  an in­
crease i n  t h e  frequency am(� (%) > 1, and t h e  corresponding wavelength 

*O * '3 = - decreases) : wm < % < 52. Therefore,  t h e  braking r a d i a t i o n  
6 
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4
intensity, which is proportional to (ut) 1 3 ,  *also increases. For large 
particle energies (% >> R), the frequency % decreases considerably: 
* << R << wm (the characteristic wavelength Am increases, �(aHI)< 1).Om 
Correspondingly, the braking radiation intensity decreases. The 

Cherenkov radiation, which can be computed from the customary formulas 

in the case under consideration, is larger than the braking radiation 

throughout the entire energy region where the influence of the medium 

must be taken into account. 
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EXCITATION OF WAVES I N  A CONFINED PLASMA 
BY MODULATED CURRENTS 

A. N. Kondratenko 

The e x c i t a t i o n  of waves i n  a plasma by modulated c u r r e n t s  has been /209 
s t u d i e d  repeatedly (Ref. 1 - 3 ) .  I n  a l l  of t h e s e  s t u d i e s ,  it w a s  
assumed t h a t  t h e  plasma w a s  an unconfined, isothermic,  and l i n e a r  
medium. I n  t h i s  art icle w e  s h a l l  s tudy t h e  e x c i t a t i o n  of waves i n  a 
confined plasma, and w e  s h a l l  at tempt t o  t ake  i t s  n o n l i n e a r i t y  i n t o  
account. 

When so lv ing  t h e  problem of wave e x c i t a t i o n  i n  a plasma by a 
modulated cu r ren t  j ,  w e  assume t h a t  t h e  cu r ren t  is  given, and w e  s h a l l  
d i s r ega rd  t h e  i n v e r s e  in f luence  of t h e  wave on t h e  motion of cu r ren t  
p a r t i c l e s .  This i s  v a l i d  as long as t h e  energy l o s s e s  of t h e  cu r ren t  
p a r t i c l e s  a t  t h e  wave l eng th  are n e g l i g i b l y  s m a l l  as compared with t h e  
energy i t s e l f .  The e lectr ic  f i e l d  s t r e n g t h  of t h e  wave i s  determined 
by t h e  equat ion LE = j, where L is t h e  d i f f e r e n t i a l  ope ra to r ,  which i s  
gene ra l ly  speaking nonl inear .  A s o l u t i o n  of t h i s  equation l eads  t o  t h e  
following value f o r  t h e  Four i e r  f i e l d  components: E = j I f  t h e  f r e -

B' 
quency of t h e  cu r ren t  modulation is  such t h a t  A vanishes (d i spe r s ion  
equat ion) ,  then t h e  f i e l d  s t r e n g t h  becomes l a r g e .  It i s  usua l ly  assumed 
t h a t  A i s  l i m i t e d  by p a r t i c l e  c o l l i s i o n s  o r  Cherenkov absorpt ion of wave 
energy by plasma p a r t i c l e s .  This is  t h e  r e s u l t  of t h e  l i n e a r  theory,  
and i t  is  v a l i d  f o r  i n s i g n i f i c a n t  amplitudes of t h e  w a v e  f i e l d  s t r eng th .  
However, i n  resonance, when A % 0 ,  t h e  f i e l d  s t r e n g t h  g r e a t l y  inc reases ,  
and t h e  l i n e a r  theory may b e  i n v a l i d .  Even i n  t h e  case of s l i g h t  non­
l i n e a r i t y ,  t h e  l i m i t a t i o n  on t h e  amplitude of t h e  wave f i e l d  s t r e n g t h  
due t o  nonl inear  i n t e r a c t i o n  may be more s u b s t a n t i a l  than t h e  l i m i t a t i o n  
imposed by d i s s i p a t i o n .  

L e t  us s tudy t h e  plasma l a y e r  which i s  i n f i n i t e  i n  two d i r e c t i o n s  
(y, z )  and bounded by two p a r a l l e l  m e t a l l i c  p l a t e s  i n  a t h i r d  d i r e c t i o n .  
The d i s t a n c e  between t h e s e  p l a t e s  is 2a. A modulated cu r ren t  having 
t h e  form of an i n f i n i t e  l a y e r  of thickness  2b, b < a,moves i n  t h e  plasma 
along t h e  z axis.

-+ 
The plasma i s  loca ted  i n  a constant  magnetic f i e l d  

d i r e c t e d  along t h e  cu r ren t ,  which is  s o  s t rong  t h a t  t h e  plasma p a r t i c l e  
motion across  t h e  f i e l d  may b e  disregarded. 

L e t  u s  i n v e s t i g a t e  two problems. I n  t h e  f i r s t  problem, l e t  us 
determine t h e  wave f i e l d  s t r e n g t h  i n  the  l i n e a r  approximation f o r  an 
a r b i t r a r y  d i spe r s ion  l a w .  I n  t h e  second problem, l e t  us determine t h e  /210 
wave f i e l d  s t r e n g t h  i n  t h e  non l inea r ,  b u t  hydrodynamic approximation. 
W e  s h a l l  assume t h a t  t h e  n o n l i n e a r i t y  i s  s l i g h t .  The following quan t i ty  
is a s m a l l  parameter of t h e  problem 
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where e, and ma a r e , . r e s p e c t i v e l y ,  t h e  charge and mass of p a r t i c l e s  of 
type a ( a  = i -- i o n s ,  a = e -- e lec t rons )  ; Eo -- amplitude of wave 
f i e l d  s t r e n g t h  i n  t h e  l i n e a r  approximation; w -- modulation frequency; 
va -- phase v e l o c i t y  of a propagated wave, equa l l ing  t h e  v e l o c i t y  of 

cu r ren t  p a r t i c l e s ;  +a - 2 (vTa -- mean thermal v e l o c i t y  of a p a r t i c l e s ) .  
va 

W e  can w r i t e  t h e  system of equat ions desc r ib ing  wave e x c i t a t i o n  i n  
a plasma under t h e  condi t ions being considered as follows 

\ 
4ae;no 

C -- speed of ; 5 = u t  - k 3 Z ;  nEa = (no -- equi l ibr ium 
m a  

dens i ty  of plasma ;articles which is equal  f o r  i ons  and e l e c t r o n s ) ;  
w’  = w + i v ,  (v, -- frequency of c o l l i s i o n s  between cx p a r t i c l e s ) ;  f,, 

equi l ibr ium d i s t r i b u t i o n  func t ion  of a p a r t i c l e s  normalized t o  un i ty ;  

ua = k (va -- hydrodynamic v e l o c i t y  of a p a r t i c l e s ) .  
% 
The d e r i v a t i o n  of equations (1) and (2) is given i n  (Ref. 4). I n  

these  equations,  w e  must set y = 1, and w e  must supplement them wi th  
the  boundary condi t ions,  which i n  t h i s  case may b e  reduced t o  s e t t i n g  
t h e  f i e l d  s t r e n g t h  on t h e  wave guide w a l l s  equal  t o  zero: 

E( 2a) =0. (3) 

We can present  t h e  modulated cu r ren t  i n  t h e  following form 1 2 1 1  

0Q ( x )  4b, 
j =jl ( x )  sin E, jl = { “(” b <( x )  <a,  (4) 
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where e -- charge; po  -- dens i ty ;  VO -- v e l o c i t y  of cu r ren t  p a r t i c l e s .  

W e  can obta in  t h e  equat ion of t h e  l i n e a r  approximation f o r  t h e  
f i e l d  from equation ( l ) ,  s e t t i n g  u, = 0 i n  it. The s o l u t i o n  of t h e  
l i n e a r  equation can be w r i t t e n  as E = R(x) cos 5 .  W e  ob ta in  t h e  
following equat ion f o r  R(x) 

where 

Solving equat ions (5) and (3) toge ther ,  we f i n d  

where 

x a, s -(2n+ 1); A, =ai -k:.2a 

I f  t h e  v e l o c i t y  of t he  cur ren t  p a r t i c l e s  is  c lose  t o  t h e  mean 
thermal v e l o c i t y  of plasma ions  o r  e l ec t rons ,  t h e  i n t e g r a l  i n  formula 

2
(5a) must be determined numerical ly ,  I m  k i a n d  R e  k i a r e  equal i n  order  
of magnitude, damping is  l a r g e ,  amplitude of t he  exc i t ed  wave f i e l d  
s t r e n g t h  is  s m a l l ,  and t h e  energy lo s ses  by t h e  cu r ren t  are i n s i g n i f i c a n t .  
I n  t h i s  case, w e  can confine ourselves  t o  t h e  l i n e a r  theory.  

2 2
I f  VO >> v T ~ , ~  vTe >> VO >> vTi, then I m  k L < <  R e  k l  and a t  ao r  

2
c e r t a i n  frequency of cu r ren t  modulation I I m  k l  << % may hold.  
The corresponding R, (we s h a l l  des igna te  i t  by Eo) i nc reases  g r e a t l y ,  

and only t h e  resonance component can remain i n  t h e  sum (6): R(x) 5 
% Eo COS %x. 

Since t h e  amplitude of t h e  wave f i e l d  s t r e n g t h  is  l a r g e ,  t h e  non­
l i n e a r i t y  of t h e  medium may be s i g n i f i c a n t .  When determining t h e  non­
l i n e a r  d i spe r s ion  equat ion,  l e t  us regard t h e  n o n l i n e a r i t y  and thermal 
scatter as s m a l l  independent add i t ions  t o  t h e  l i n e a r  hydrodynamic 
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2 2dispersion equation ( k  = 0 ,  an = Re kl). Therefore, the wave damping /212 


caused by kinetic phenomena can only be taken into consideration in 

the third approximation. 


We may find the hydrodynamic velocity of the linear approximation, 
corresponding to % 2 0, from equation (2) 

u:') E, COSan i  sin E. (7) 

Let us substitute (7) in equation (l), and let us retain the terms %E 2. 
c1 

Then, representing the field E in the second approximation in the form 


E(2)  = EoR2(x) sin 25, we obtain the following equation for R2(x) 

Solving equations (8) and ( 3 )  together, we find 

In the second approximation, the hydrodynamic velocity is 


After substituting u(~), u(~) in the right part of equation (1) of
ct a 

the first and second approximation,we obtain the following equation for 

the field E in the'third approximation 


x cos2a,x } cos a,x cos E, 

where A3 is a certain function of x which is determined by the third 
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harmonic with r e spec t  t o  5. 

W e  can w r i t e  t h e  s o l u t i o n  of equation (11) i n  t h e  form E(3) = /213 
= EoR3(x) cos 5. W e  ob ta in  t h e  following equat ion f o r  R3(x) 

d2R3-
h a ,  k: R3 = Q I  COS anx + Q 2  COS qx COSa , ~+ Q 3COS 3anx, 

where 

9- 8 4 ,  + 3uta 
X 1-4.a 

Since Q1,2,3 % E ~ ,w e  can w r i t e  t h e  s o l u t i o n  of equat ion (12) i n  

t h e  following form (Ref. 5) 

R 3  = cos II) + B, cos (a, + q )x + B2cos (an - 9 ) x  +B3cos 3a,x, 

4 - R ,  + E2A.z-
W e  thus f i n d  

Employing the  boundary condi t ion  (3 ) ,  w e  f i n d  t h a t  

2an sin qa 
=0. 

W e  can write t h e  s o l u t i o n  of equat ion (13) as fol lows 

k ,  = an + 6, 6N E’ << a,. 

W e  f i n d  
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Thus, w e  can write t h e  nonl inear  hydrodynamic d i spe r s ion  equat ion /214 
as follows 

and va includes both p a i r  c o l l i s i o n s  and Cherenkov wave absorpt ion by 

plasma p a r t i c l e s .  

2I n  t h e  case of resonance, when R e ' k l =  ai, t h e  f i e l d  s t r eng th  ampli­

tude of t h e  exc i t ed  wave i s  

E,  = 
-4xooj, 

[(2an6)2 + gt.2)2]G* (16) 

1 a 
1 -u:. 

L e t  us f i r s t  examine high frequency o s c i l l a t i o n s :  9i,e<< 1. D i s ­

regarding t h e  e l e c t r o n  m a s s  as compared wi th  t h e  ion  mass, w e  ob ta in  

W e  can show t h a t  i n  t h e  case of a,< noe, 6 1  > 0 always holds.  W e  ob ta in  
the  following value from t h e  equation (15) f o r  t h e  square  of t h e  phase 
ve loc i ty  

Since 6 1  > 0 ,  t h e  phase v e l o c i t y  increases  wi th  an inc rease  i n  t h e  f i e l d  
s t r eng th  amplitude of t h e  wave. W e  may use formula (16) t o  determine 
t h e  amplitude of t h e  f i e l d  s t r eng th :  

E, = - 83tOep0V, .-sin a,b 

Q&[(E;~,)~ +(2)2]''' ana 

V e
I f  c261 > ;, t h e  maximum amplitude i s  determined by the  nonl inear i ty :  
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The low frequency oscillations: ye>> 1 >> 

The amplitude of the wave field strength in this case is 


.-sin a,b 
0 ­

then 6 2  and the phase velocity have the valuesIf q e p >  1 (p = 2)­
of (17) and (181, respectively, for a replacement of the indices e -+ i. 

In the case of sound oscillations, when k2<- Q& we have 
Pug ' 

"iIf -< c;b2,  the field strength amplitude is limited by the nonlinearityw 
and has the same form as in the case of high frequency oscillations (2), 
with a replacement of the indices e -+ i, 1 -f 2. 
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